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Prologue

THE POLICE IN THE SMALL TOWN of Los Alamos, New Mexico,
worried briefly in 1974 about a man seen prowling in the dark,
night after night, the red glow of his cigarette floating along the
back streets. He would pace for hours, heading nowhere in the
starlight that hammers down through the thin air of the mesas.
The police were not the only ones to wonder. At the national
laboratory some physicists had learned that their newest colleague
was experimenting with twenty-six-hour days, which meant that
his waking schedule would slowly roll in and out of phase with
theirs. This bordered on strange, even for the Theoretical Division.

In the three decades since J. Robert Oppenheimer chose this
unworldly New Mexico landscape for the atomic bomb project,
Los Alamos National Laboratory had spread across an expanse of
desolate plateau, bringing particle accelerators and gas lasers and
chemical plants, thousands of scientists and administrators and
technicians, as well as one of the world’s greatest concentrations
of supercomputers. Some of the older scientists remembered the
wooden buildings rising hastily out of the rimrock in the 1940s,
but to most of the Los Alamos staff, young men and women in
college-style corduroys and work shirts, the first bombmakers were
just ghosts. The laboratory’s locus of purest thought was the The-
oretical Division, known as T division, just as computing was C
division and weapons was X division. More than a hundred phys-
icists and mathematicians worked in T division, well paid and
free of academic pressures to teach and publish. These scientists
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2 Prologue

had experience with brilliance and with eccentricity. They were
hard to surprise.

But Mitchell Feigenbaum was an unusual case. He had exactly
one published article to his name, and he was working on nothing
that seemed to have any particular promise. His hair was a ragged
mane, sweeping back from his wide brow in the style of busts of
German composers. His eyes were sudden and passionate. When
he spoke, always rapidly, he tended to drop articles and pronouns
in a vaguely middle European way, even though he was a native
of Brooklyn. When he worked, he worked obsessively. When he
could not work, he walked and thought, day or night, and night
was best of all. The twenty-four-hour day seemed too constraining.
Nevertheless, his experiment in personal quasiperiodicity came
to an end when he decided he could no longer bear waking to the
setting sun, as had to happen every few days.

At the age of twenty-nine he had already become a savant
among the savants, an ad hoc consultant whom scientists would
go to see about any especially intractable problem, when they
could find him. One evening he arrived at work just as the director
of the laboratory, Harold Agnew, was leaving. Agnew was a pow-
erful figure, one of the original Oppenheimer apprentices. He had
flown over Hiroshima on an instrument plane that accompanied
the Enola Gay, photographing the delivery of the laboratory’s first
product.

“Iunderstand you’re real smart,” Agnew said to Feigenbaum.
“If you’re so smart, why don’t you just solve laser fusion?”

Even Feigenbaum’s friends were wondering whether he was
ever going to produce any work of his own. As willing as he was
to do impromptu magic with their questions, he did not seem
interested in devoting his own research to any problem that might
pay off. He thought about turbulence in liquids and gases. He
thought about time-—did it glide smoothly forward or hop dis-
cretely like a sequence of cosmic motion-picture frames? He thought
about the eye’s ability to see consistent colors and forms in a
universe that physicists knew to be a shifting quantum kaleido-
scope. He thought about clouds, watching them from airplane
windows (until, in 1975, his scientific travel privileges were of-
ficially suspended on grounds of overuse}) or from the hiking trails
above the laboratory.
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In the mountain towns of the West, clouds barely resemble
the sooty indeterminate low-flying hazes that fill the Eastern air.
At Los Alamos, in the lee of a great volcanic caldera, the clouds
spill across the sky, in random formation, yes, but also not-random,
standing in uniform spikes or rolling in regularly furrowed pat-
terns like brain matter. On a stormy afternoon, when the sky shim-
mers and trembles with the electricity to come, the clouds stand
out from thirty miles away, filtering the light and reflecting it,
until the whole sky starts to seem like a spectacle staged as a
subtle reproach to physicists. Clouds represented a side of nature
that the mainstream of physics had passed by, a side that was at
once fuzzy and detailed, structured and unpredictable. Feigen-
baum thought about such things, quietly and unproductively.

To a physicist, creating laser fusion was a legitimate problem;
puzzling out the spin and color and flavor of small particles was
a legitimate problem; dating the origin of the universe was a le-
gitimate problem. Understanding clouds was a problem for a me-
teorologist. Like other physicists, Feigenbaum used an understated,
tough-guy vocabulary to rate such problems. Such a thing is ob-
vious, he might say, meaning that a result could be understood
by any skilled physicist after appropriate contemplation and cal-
culation. Not obvious described work that commanded respect
and Nobel prizes. For the hardest problems, the problems that
would not give way without long looks into the universe’s bowels,
physicists reserved words like deep. In 1974, though few of his
colleagues knew it, Feigenbaum was working on a problem that
was deep: chaos.

WHERE CHAOS BEGINS, classical science stops. For as long as
the world has had physicists inquiring into the laws of nature, it
has suffered a special ignorance about disorder in the atmosphere,
in the turbulent sea, in the fluctuations of wildlife populations,
in the oscillations of the heart and the brain. The irregular side
of nature, the discontinuous and erratic side—these have been
puzzles to science, or worse, monstrosities.

But in the 1970s a few scientists in the United States and
Europe began to find a way through disorder. They were mathe-
maticians, physicists, biologists, chemists, all seeking connections
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between different kinds of irregularity. Physiologists found a sur-
prising order in the chaos that develops in the human heart, the
prime cause of sudden, unexplained death. Ecologists explored
the rise and fall of gypsy moth populations. Economists dug out
old stock price data and tried a new kind of analysis. The insights
that emerged led directly into the natural world—the shapes of
clouds, the paths of lightning, the microscopic intertwining of
blood vessels, the galactic clustering of stars.

When Mitchell Feigenbaum began thinking about chaos at
Los Alamos, he was one of a handful of scattered scientists, mostly
unknown to one another. A mathematician in Berkeley, California,
had formed a small group dedicated to creating a new study of
“dynamical systems.” A population biologist at Princeton Uni-
versity was about to publish an impassioned plea that all scientists
should look at the surprisingly complex behavior lurking in some
simple models. A geometer working for IBM was looking for a
new word to describe a family of shapes—jagged, tangled, splin-
tered, twisted, fractured—that he considered an organizing prin-
ciple in nature. A French mathematical physicist had just made
the disputatious claim that turbulence in fluids might have some-
thing to do with a bizarre, infinitely tangled abstraction that he
called a strange attractor.

A decade later, chaos has become a shorthand name for a fast-
growing movement that is reshaping the fabric of the scientific
establishment. Chaos conferences and chaos journals abound.
Government program managers in charge of research money for
the military, the Central Intelligence Agency, and the Department
of Energy have put ever greater sums into chaos research and set
up special bureaucracies to handle the financing. At every major
university and every major corporate research center, some the-
orists ally themselves first with chaos and only second with their
nominal specialties. At Los Alamos, a Center for Nonlinear Studies
was established to coordinate work on chaos and related problems;
similar institutions have appeared on university campuses across
the country.

Chaos has created special techniques of using computers and
special kinds of graphic images, pictures that capture a fantastic
and delicate structure underlying complexity. The new science
has spawned its own language, an elegant shop talk of fractals



Prologue 5

and bifurcations, intermittencies and periodicities, folded-towel
diffeomorphisms and smooth noodle maps. These are the new
elements of motion, just as, in traditional physics, quarks and
gluons are the new elements of matter. To some physicists chaos
is a science of process rather than state, of becoming rather than
being.

Now that science is looking, chaos seems to be everywhere.
A rising column of cigarette smoke breaks into wild swirls. A flag
snaps back and forth in the wind. A dripping faucet goes from a
steady pattern to a random one. Chaos appears in the behavior of
the weather, the behavior of an airplane in flight, the behavior of
cars clustering on an expressway, the behavior of oil flowing in
underground pipes. No matter what the medium, the behavior
obeys the same newly discovered laws. That realization has begun
to change the way business executives make decisions about in-
surance, the way astronomers look at the solar system, the way
political theorists talk about the stresses leading to armed conflict.

Chaos breaks across the lines that separate scientific disci-
plines. Because it is a science of the global nature of systems, it
has brought together thinkers from fields that had been widely
separated. “‘Fifteen years ago, science was heading for a crisis of
increasing specialization,” a Navy official in charge of scientific
financing remarked to an audience of mathematicians, biologists,
physicists, and medical doctors. ‘“Dramatically, that specialization
has reversed because of chaos.”” Chaos poses problems that defy
accepted ways of working in science. It makes strong claims about
the universal behavior of complexity. The first chaos theorists, the
scientists who set the discipline in motion, shared certain sen-
sibilities. They had an eye for pattern, especially pattern that ap-
peared on different scales at the same time. They had a taste for
randomness and complexity, for jagged edges and sudden leaps.
Believers in chaos—and they sometimes call themselves believers,
or converts, or evangelists—speculate about determinism and free
will, about evolution, about the nature of conscious intelligence.
They feel that they are turning back a trend in science toward
reductionism, the analysis of systems in terms of their constituent
parts: quarks, chromosomes, or neurons. They believe that they
are looking for the whole.

The most passionate advocates of the new science go so far
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as to say that twentieth-century science will be remembered for
just three things: relativity, quantum mechanics, and chaos. Chaos,
they contend, has become the century’s third great revolution in
the physical sciences. Like the first two revolutions, chaos cuts
away at the tenets of Newton’s physics. As one physicist put it:
“Relativity eliminated the Newtonian illusion of absolute space
and time; quantum theory eliminated the Newtonian dream of a
controllable measurement process; and chaos eliminates the La-
placian fantasy of deterministic predictability.” Of the three, the
revolution in chaos applies to the universe we see and touch, to
objects at human scale. Everyday experience and real pictures of
the world have become legitimate targets for inquiry. There has
long been a feeling, not always expressed openly, that theoretical
physics has strayed far from human intuition about the world.
Whether this will prove to be fruitful heresy or just plain heresy,
no one knows. But some of those who thought physics might be
working its way into a corner now look to chaos as a way out.

Within physics itself, the study of chaos emerged from a back-
water. The mainstream for most of the twentieth century has been
particle physics, exploring the building blocks of matter at higher
and higher energies, smaller and smaller scales, shorter and shorter
times. Out of particle physics have come theories about the fun-
damental forces of nature and about the origin of the universe.
Yet some young physicists have grown dissatisfied with the di-
rection of the most prestigious of sciences. Progress has begun to
seem slow, the naming of new particles futile, the body of theory
cluttered. With the coming of chaos, younger scientists believed
they were seeing the beginnings of a course change for all of
physics. The field had been dominated long enough, they felt, by
the glittering abstractions of high-energy particles and quantum
mechanics.

The cosmologist Stephen Hawking, occupant of Newton’s
chair at Cambridge University, spoke for most of physics when
he took stock of his science in a 1980 lecture titled “Is the End
in Sight for Theoretical Physics?”

“We already know the physical laws that govern everything
we experience in everyday life. .. .It is a tribute to how far we
have come in theoretical physics that it now takes enormous ma-
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chines and a great deal of money to perform an experiment whose
results we cannot predict.”

Yet Hawking recognized that understanding nature’s laws on
the terms of particle physics left unanswered the question of how
to apply those laws to any but the simplest of systems. Predict-
ability is one thing in a cloud chamber where two particles collide
at the end of a race around an accelerator. It is something else
altogether in the simplest tub of roiling fluid, or in the earth’s
weather, or in the human brain.

Hawking’s physics, efficiently gathering up Nobel Prizes and
big money for experiments, has often been called a revolution. At
times it seemed within reach of that grail of science, the Grand
Unified Theory or “theory of everything.” Physics had traced the
development of energy and matter in all but the first eyeblink of
the universe’s history. But was postwar particle physics a revo-
lution? Or was it just the fleshing out of the framework laid down
by Einstein, Bohr, and the other fathers of relativity and quantum
mechanics? Certainly, the achievements of physics, from the atomic
bomb to the transistor, changed the twentieth-century landscape.
Yet if anything, the scope of particle physics seemed to have
narrowed. Two generations had passed since the field produced
a new theoretical idea that changed the way nonspecialists un-
derstand the world.

The physics described by Hawking could complete its mission
without answering some of the most fundamental questions about
nature. How does life begin? What is turbulence? Above all, in a
universe ruled by entropy, drawing inexorably toward greater and
greater disorder, how does order arise? At the same time, objects
of everyday experience like fluids and mechanical systems came
to seem so basic and so ordinary that physicists had a natural
tendency to assume they were well understood. It was not so.

As the revolution in chaos runs its course, the best physicists
find themselves returning without embarrassment to phenomena
on a human scale. They study not just galaxies but clouds. They
carry out profitable computer research not just on Crays but on
Macintoshes. The premier journals print articles on the strange
dynamics of a ball bouncing on a table side by side with articles
on quantum physics. The simplest systems are now seen to create
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extraordinarily difficult problems of predictability. Yet order arises
spontaneously in those systems—chaos and order together. Only
a new kind of science could begin to cross the great gulf between
knowledge of what one thing does—one water molecule, one cell
of heart tissue, one neuron—and what millions of them do.

Watch two bits of foam flowing side by side at the bottom of
a waterfall. What can you guess about how close they were at the
top? Nothing. As far as standard physics was concerned, God
might just as well have taken all those water molecules under the
table and shuffled them personally. Traditionally, when physicists
saw complex results, they looked for complex causes. When they
saw a random relationship between what goes into a system and
what comes out, they assumed that they would have to build
randomness into any realistic theory, by artificially adding noise
or error. The modern study of chaos began with the creeping
realization in the 1960s that quite simple mathematical equations
could model systems every bit as violent as a waterfall. Tiny dif-
ferences in input could quickly become overwhelming differences
in output—a phenomenon given the name *sensitive dependence
on inijtial conditions.’’ In weather, for example, this translates into
what is only half-jokingly known as the Butterfly Effect—the no-
tion that a butterfly stirring the air today in Peking can transform
storm systems next month in New York.

When the explorers of chaos began to think back on the ge-
nealogy of their new science, they found many intellectual trails
from the past. But one stood out clearly. For the young physicists
and mathematicians leading the revolution, a starting point was
the Butterfly Effect.



The Butterfly
Effect

Physicists like to think that all you have to do is say,
these are the conditions, now what happens next?

—RICHARD P. FEYNMAN



THE SUN BEAT DOWN through a sky that had never seen clouds.
The winds swept across an earth as smooth as glass. Night never
came, and autumn never gave way to winter. It never rained. The
simulated weather in Edward Lorenz’s new electronic computer
changed slowly but certainly, drifting through a permanent dry
midday midseason, as if the world had turned into Camelot, or
some particularly bland version of southern California.

Outside his window Lorenz could watch real weather, the
early-morning fog creeping along the Massachusetts Institute of
Technology campus or the low clouds slipping over the rooftops
from the Atlantic. Fogand clouds never arose in the model running
on his computer. The machine, a Royal McBee, was a thicket of
wiring and vacuum tubes that occupied an ungainly portion of
Lorenz’s office, made a surprising and irritating noise, and broke
down every week or so. It had neither the speed nor the memory
to manage a realistic simulation of the earth’s atmosphere and
oceans. Yet Lorenz created a toy weather in 1960 that succeeded
in mesmerizing his colleagues. Every minute the machine marked
the passing of a day by printing a row of numbers across a page.
If you knew how to read the printouts, you would see a prevailing
westerly wind swing now to the north, now to the south, now
back to the north. Digitized cyclones spun slowly around an ideal-
ized globe. As word spread through the department, the other
meteorologists would gather around with the graduate students,
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12 CHAOS

making bets on what Lorenz’s weather would do next. Somehow,
nothing ever happened the same way twice.

Lorenz enjoyed weather—by no means a prerequisite for a
research meteorologist. He savored its changeability. He appre-
ciated the patterns that come and go in the atmosphere, families
of eddies and cyclones, always obeying mathematical rules, yet
never repeating themselves. When he looked at clouds, he thought
he saw a kind of structure in them. Once he had feared that study-
ing the science of weather would be like prying a jack-in-the-box
apart with a screwdriver. Now he wondered whether science would
be able to penetrate the magic at all. Weather had a flavor that
could not be expressed by talking about averages. The daily high
temperature in Cambridge, Massachusetts, averages 75 degrees in
June. The number of rainy days in Riyadh, Saudi Arabia, averages
ten a year. Those were statistics. The essence was the way patterns
in the atmosphere changed over time, and that was what Lorenz
captured on the Royal McBee.

He was the god of this machine universe, free to choose the
laws of nature as he pleased. After a certain amount of undivine
trial and error, he chose twelve. They were numerical rules—
equations that expressed the relationships between temperature
and pressure, between pressure and wind speed. Lorenz under-
stood that he was putting into practice the laws of Newton, ap-
propriate tools for a clockmaker deity who could create a world
and set it running for eternity. Thanks to the determinism of phys-
ical law, further intervention would then be unnecessary. Those
who made such models took for granted that, from present to
future, the laws of motion provide a bridge of mathematical cer-
tainty. Understand the laws and you understand the universe. That
was the philosophy behind modeling weather on a computer.

Indeed, if the eighteenth-century philosophers imagined their
creator as a benevolent noninterventionist, content to remain be-
hind the scenes, they might have imagined someone like Lorenz.
He was an odd sort of meteorologist. He had the worn face of a
Yankee farmer, with surprising bright eyes that made him seem
to be laughing whether he was or not. He seldom spoke about
himself or his work, but he listened. He often lost himself in a
realm of calculation or dreaming that his colleagues found inac-
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cessible. His closest friends felt that Lorenz spent a good deal of
his time off in a remote outer space.

As a boy he had been a weather bug, at least to the extent of
keeping close tabs on the max-min thermometer recording the
days’ highs and lows outside his parents’ house in West Hartford,
Connecticut. But he spent more time inside playing with math-
ematical puzzle books than watching the thermometer. Sometimes
he and his father would work out puzzles together. Once they
came upon a particularly difficult problem that turned out to be
insoluble. That was acceptable, his father told him: you can always
try to solve a problem by proving that no solution exists. Lorenz
liked that, as he always liked the purity of mathematics, and when
he graduated from Dartmouth College, in 1938, he thought that
mathematics was his calling. Circumstance interfered, however,
in the form of World War II, which put him to work as a weather
forecaster for the Army Air Corps. After the war Lorenz decided
to stay with meteorology, investigating the theory of it, pushing
the mathematics a little further forward. He made a name for
himself by publishing work on orthodox problems, such as the
general circulation of the atmosphere. And in the meantime he
continued to think about forecasting.

To most serious meteorologists, forecasting was less than sci-
ence. It was a seat-of-the-pants business performed by technicians
who needed some intuitive ability to read the next day’s weather
in the instruments and the clouds. It was guesswork. At centers
like M.I.T., meteorology favored problems that had solutions. Lor-
enz understood the messiness of weather prediction as well as
anyone, having tried it firsthand for the benefit of military pilots,
but he harbored an interest in the problem—a mathematical in-
terest.

Not only did meteorologists scorn forecasting, but in the 1960s
virtually all serious scientists mistrusted computers. These souped-
up calculators hardly seemed like tools for theoretical science. So
numerical weather modeling was something of a bastard problem.
Yet the time was right for it. Weather forecasting had been waiting
two centuries for a machine that could repeat thousands of cal-
culations over and over again by brute force. Only a computer
could cash in the Newtonian promise that the world unfolded
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along a deterministic path, rule-bound like the planets, predictable
like eclipses and tides. In theory a computer could let meteorol-
ogists do what astronomers had been able to do with pencil and
slide rule: reckon the future of their universe from its initial con-
ditions and the physical laws that guide its evolution. The equa-
tions describing the motion of air and water were as well known
as those describing the motion of planets. Astronomers did not
achieve perfection and never would, not in a solar system tugged
by the gravities of nine planets, scores of moons and thousands
of asteroids, but calculations of planetary motion were so accurate
that people forgot they were forecasts. When an astronomer said,
“Comet Halley will be back this way in seventy-six years,” it
seemed like fact, not prophecy. Deterministic numerical fore-
casting figured accurate courses for spacecraft and missiles. Why
not winds and clouds?

Weather was vastly more complicated, but it was governed
by the same laws. Perhaps a powerful enough computer could be
the supreme intelligence imagined by Laplace, the eighteenth-
century philosopher-mathematician who caught the Newtonian
fever like no one else: “Such an intelligence,” Laplace wrote,
“would embrace in the same formula the movements of the great-
est bodies of the universe and those of the lightest atom; for it,
nothing would be uncertain and the future, as the past, would be
present to its eyes.” In these days of Einstein’s relativity and Hei-
senberg’s uncertainty, Laplace seems almost buffoon-like in his
optimism, but much of modern science has pursued his dream.
Implicitly, the mission of many twentieth-century scientists—bi-
ologists, neurologists, economists—has been to break their uni-
verses down into the simplest atoms that will obey scientific rules.
In all these sciences, a kind of Newtonian determinism has been
brought to bear. The fathers of modern computing always had
Laplace in mind, and the history of computing and the history of
forecasting were intermingled ever since John von Neumann de-
signed his first machines at the Institute for Advanced Study in
Princeton, New Jersey, in the 1950s. Von Neumann recognized
that weather modeling could be an ideal task for a computer.

There was always one small compromise, so small that work-
ing scientists usually forgot it was there, lurking in a corner of
their philosophies like an unpaid bill. Measurements could never
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be perfect. Scientists marching under Newton’s banner actually
waved another flag that said something like this: Given an ap-
proximate knowledge of a system’s initial conditions and an un-
derstanding of natural law, one can calculate the approximate
behavior of the system. This assumption lay at the philosophical
heart of science. As one theoretician liked to tell his students:
“The basic idea of Western science is that you don’t have to take
into account the falling of a leaf on some planet in another galaxy
when you’re trying to account for the motion of a billiard ball on
a pool table on earth. Very small influences can be neglected.
There’s a convergence in the way things work, and arbitrarily
small influences don’t blow up to have arbitrarily large effects.”
Classically, the belief in approximation and convergence was well
justified. It worked. A tiny error in fixing the position of Comet
Halley in 1910 would only cause a tiny error in predicting its
arrival in 1986, and the error would stay small for millions of
years to come. Computers rely on the same assumption in guiding
spacecraft: approximately accurate input gives approximately ac-
curate output. Economic forecasters rely on this assumption, though
their success is less apparent. So did the pioneers in global weather
forecasting.

With his primitive computer, Lorenz had boiled weather down
to the barest skeleton. Yet, line by line, the winds and temperatures
in Lorenz’s printouts seemed to behave in a recognizable earthly
way. They matched his cherished intuition about the weather, his
sense that it repeated itself, displaying familiar patterns over time,
pressure rising and falling, the airstream swinging north and south.
He discovered that when a line went from high to low without
a bump, a double bump would come next, and he said, “That’s
the kind of rule a forecaster could use.” But the repetitions were
never quite exact. There was pattern, with disturbances. An or-
derly disorder.

To make the patterns plain to see, Lorenz created a primitive
kind of graphics. Instead of just printing out the usual lines of
digits, he would have the machine print a certain number of blank
spaces followed by the letter a. He would pick one variable—
perhaps the direction of the airstream. Gradually the a’s marched
down the roll of paper, swinging back and forth in a wavy line,
making a long series of hills and valleys that represented the way
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the west wind would swing north and south across the continent.
The orderliness of it, the recognizable cycles coming around again
and again but never twice the same way, had a hypnotic fasci-
nation. The system seemed slowly to be revealing its secrets to
the forecaster’s eye.

One day in the winter of 1961, wanting to examine one se-
quence at greater length, Lorenz took a shortcut. Instead of starting
the whole run over, he started midway through. To give the ma-
chine its initial conditions, he typed the numbers straight from
the earlief printout. Then he walked down the hall to get away
from the noise and drink a cup of coffee. When he returned an
hour later, he saw something unexpected, something that planted
a seed for a new science.

THIs NEw RUN should have exactly duplicated the old. Lorenz
had copied the numbers into the machine himself. The program
had not changed. Yet as he stared at the new printout, Lorenz saw
his weather diverging so rapidly from the pattern of the last run
that, within just a few months, all resemblance had disappeared.
He looked at one set of numbers, then back at the other. He might
as well have chosen two random weathers out of a hat. His first
thought was that another vacuum tube had gone bad.

Suddenly he realized the truth. There had been no malfunc-
tion. The problem lay in the numbers he had typed. In the com-
puter’s memory, six decimal places were stored: .506127. On the
printout, to save space, just three appeared: .506. Lorenz had en-
tered the shorter, rounded-off numbers, assuming that the differ-
ence—one part in a thousand—was inconsequential.

It was a reasonable assumption. If a weather satellite can read
ocean-surface temperature to within one part in a thousand, its
operators consider themselves lucky. Lorenz’s Royal McBee was
implementing the classical program. It used a purely deterministic
system of equations. Given a particular starting point, the weather
would unfold exactly the same way each time. Given a slightly
different starting point, the weather should unfold in a slightly
different way. A small numerical error was like a small puff of
wind—surely the small puffs faded or canceled each other out
before they could change important, large-scale features of the
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How TWO WEATHER PATTERNS DIVERGE. From nearly the same starting
point, Edward Lorenz saw his computer weather produce patterns that
grew farther and farther apart until all resemblance disappeared. (From
Lorenz’s 1961 printouts.)

weather. Yet in Lorenz’s particular system of equations, small
errors proved catastrophic.

He decided to look more closely at the way two nearly iden-
tical runs of weather flowed apart. He copied one of the wavy
lines of output onto a transparency and laid it over the other, to
inspect the way it diverged. First, two humps matched detail for
detail. Then one line began to lag a hairsbreadth behind. By the
time the two runs reached the next hump, they were distinctly
out of phase. By the third or fourth hump, all similarity had van-
ished.

It was only a wabble from a clumsy computer. Lorenz could
have assumed something was wrong with his particular machine
or his particular model—probably should have assumed. It was
not as though he had mixed sodium and chlorine and got gold.
But for reasons of mathematical intuition that his colleagues would
begin to understand only later, Lorenz felt a jolt: something was
philosophically out of joint. The practical import could be stag-
gering. Although his equations were gross parodies of the earth’s
weather, he had a faith that they captured the essence of the real
atmosphere. That first day, he decided that long-range weather
forecasting must be doomed.
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“We certainly hadn’t been successful in doing that anyway
and now we had an excuse,” he said. “I think one of the reasons
people thought it would be possible to forecast so far ahead is that
there are real physical phenomena for which one can do an ex-
cellent job of forecasting, such as eclipses, where the dynamics
of the sun, moon, and earth are fairly complicated, and such as
oceanic tides. I never used to think of tide forecasts as prediction
at all—I used to think of them as statements of fact—but of course,
you are predicting. Tides are actually just as complicated as the
atmosphere. Both have periodic components—you can predict
that next summer will be warmer than this winter. But with weather
we take the attitude that we knew that already. With tides, it’s
the predictable part that we're interested in, and the unpredictable
part is small, unless there’s a storm.

“The average person, seeing that we can predict tides pretty
well a few months ahead would say, why can’t we do the same
thing with the atmosphere, it’s just a different fluid system, the
laws are about as complicated. But I realized that any physical
system that behaved nonperiodically would be unpredictable.”

THE FIFTIES AND SIXTIES were years of unreal optimism about
weather forecasting. Newspapers and magazines were filled with
hope for weather science, not just for prediction but for modifi-
cation and control. Two technologies were maturing together, the
digital computer and the space satellite. An international program
‘was being prepared to take advantage of them, the Global Atmos-
phere Research Program. There was an idea that human society
would free itself from weather’s turmoil and become its master
instead of its victim. Geodesic domes would cover cornfields.
Airplanes would seed the clouds. Scientists would learn how to
make rain and how to stop it.

The intellectual father of this popular notion was Von Neu-
mann, who built his first computer with the precise intention,
among other things, of controlling the weather. He surrounded
himself with meteorologists and gave breathtaking talks about his
plans to the general physics community. He had a specific math-
ematical reason for his optimism. He recognized that a compli-
cated dynamical system could have points of instability—critical
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points where a small push can have large consequences, as with
a ball balanced at the top of a hill. With the computer up and
running, Von Neumann imagined that scientists would calculate
the equations of fluid motion for the next few days. Then a central
committee of meteorologists would send up airplanes to lay down
smoke screens or seed clouds to push the weather into the desired
mode. But Von Neumann had overlooked the possibility of chaos,
with instability at every point.

By the 1980s a vast and expensive bureaucracy devoted itself
to carrying out Von Neumann'’s mission, or at least the prediction
part of it. America’s premier forecasters operated out of an una-
dorned cube of a building in suburban Maryland, near the Wash-
ington beltway, with a spy’s nest of radar and radio antennas on
the roof. Their supercomputer ran a model that resembled Lorenz’s
only in its fundamental spirit. Where the Royal McBee could carry
out sixty multiplicatio::s each second, the speed of a Control Data
Cyber 205 was measured in megaflops, millions of floating-point
operations per second. Where Lorenz had been happy with twelve
equations, the modern global model calculated systems of 500,000
equations. The model understood the way moisture moved heat
in and out of the air when it condensed and evaporated. The digital
winds were shaped by digital mountain ranges. Data poured in
hourly from every nation on the globe, from airplanes, satellites,
and ships. The National Meteorological Center produced the world’s
second best forecasts.

The best came out of Reading, England, a small college town
an hour’s drive from London. The European Centre for Medium
Range Weather Forecasts occupied a modest tree-shaded building
in a generic United Nations style, modern brick-and-glass archi-
tecture, decorated with gifts from many lands. It was built in the
heyday of the all-European Common Market spirit, when most of
the nations of western Europe decided to pool their talent and
resources in the cause of weather prediction. The Europeans at-
tributed their success to their young, rotating staff—no civil ser-
vice—and their Cray supercomputer, which always seemed to be
one model ahead of the American counterpart.

Weather forecasting was the beginning but hardly the end of
the business of using computers to model complex systems. The
same techniques served many kinds of physical scientists and
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social scientists hoping to make predictions about everything from
the small-scale fluid flows that concerned propeller designers to
the vast financial flows that concerned economists. Indeed, by the
seventies and eighties, economic forecasting by computer bore a
real resemblance to global weather forecasting. The models would
churn through complicated, somewhat arbitrary webs of equa-
tions, meant to turn measurements of initial conditions—atmos-
pheric pressure or money supply—into a simulation of future
trends. The programmers hoped the results were not too grossly
distorted by the many unavoidable simplifying assumptions. If a
model did anything too obviously bizarre—flooded the Sahara or
tripled interest rates—the programmers would revise the equa-
tions to bring the output back in line with expectation. In practice,
econometric models proved dismally blind to what the future
would bring, but many people who should have known better
acted as though they believed in the results. Forecasts of economic
growth or unemployment were put forward with an implied pre-
cision of two or three decimal places. Governments and financial
institutions paid for such predictions and acted on them, perhaps
out of necessity or for want of anything better. Presumably they
knew that such variables as “consumer optimism’ were not as
nicely measurable as “humidity’’ and that the perfect differential
equations had not yet been written for the movement of politics
and fashion. But few realized how fragile was the very process of
modeling flows on computers, even when the data was reasonably
trustworthy and the laws were purely physical, as in weather
forecasting.

Computer modeling had indeed succeeded in changing the
weather business from an art to a science. The European Centre’s
assessments suggested that the world saved billions of dollars each
year from predictions that were statistically better than nothing.
But beyond two or three days the world’s best forecasts were
speculative, and beyond six or seven they were worthless.

The Butterfly Effect was the reason. For small pieces of
weather—and to a global forecaster, small can mean thunder-
storms and blizzards—any prediction deteriorates rapidly. Errors
and uncertainties multiply, cascading upward through a chain of
turbulent features, from dust devils and squalls up to continent-
size eddies that only satellites can see.



The Butterfly Effect 21

The modern weather models work with a grid of points on
the order of sixty miles apart, and even so, some starting data has
to be guessed, since ground stations and satellites cannot see
everywhere. But suppose the earth could be covered with sensors
spaced one foot apart, rising at one-foot intervals all the way to
the top of the atmosphere. Suppose every sensor gives perfectly
accurate readings of temperature, pressure, humidity, and any
other quantity a meteorologist would want. Precisely at noon an
infinitely powerful computer takes all the data and calculates what
will happen at each point at 12:01, then 12:02, then 12:03 ...

The computer will still be unable to predict whether Prince-
ton, New Jersey, will have sun or rain on a day one month away.
At noon the spaces between the sensors will hide fluctuations
that the computer will not know about, tiny deviations from the
average. By 12:01, those fluctuations will already have created
small errors one foot away. Soon the errors will have multiplied
to the ten-foot scale, and so on up to the size of the globe.

Even for experienced meteorologists, all this runs against in-
tuition. One of Lorenz’s oldest friends was Robert White, a fellow
meteorologist at M.I.T. who later became head of the National
Oceanic and Atmospheric Administration. Lorenz told him about
the Butterfly Effect and what he felt it meant for long-range pre-
diction. White gave Von Neumann’s answer. “Prediction, noth-
ing,” he said. “This is weather control.” His thought was that
small modifications, well within human capability, could cause
desired large-scale changes.

Lorenz saw it differently. Yes, you could change the weather.
You could make it do something different from what it would
otherwise have done. But if you did, then you would never know
what it would otherwise have done. It would be like giving an
extra shuffle to an already well-shuffled pack of cards. You know
it will change your luck, but you don’t know whether for better
or worse.

LORENZ’'S DISCOVERY WAS AN ACCIDENT, one more in a line
stretching back to Archimedes and his bathtub. Lorenz never was
the type to shout Eureka. Serendipity merely led him to a place
he had been all along. He was ready to explore the consequences
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of his discovery by working out what it must mean for the way
science understood flows in all kinds of fluids.

Had he stopped with the Butterfly Effect, an image of pre-
dictability giving way to pure randomness, then Lorenz would
have produced no more than a piece of very bad news. But Lorenz
saw more than randomness embedded in his weather model. He
saw a fine geometrical structure, order masquerading as random-
ness. He was a mathematician in meteorologist’s clothing, after
all, and now he began to lead a double life. He would write papers
that were pure meteorology. But he would also write papers that
were pure mathematics, with a slightly misleading dose of weather
talk as preface. Eventually the prefaces would disappear alto-
gether.

He turned his attention more and more to the mathematics of
systems that never found a steady state, systems that almost re-
peated themselves but never quite succeeded. Everyone knew that
the weather was such a system—aperiodic. Nature is full of others:
animal populations that rise and fall almost regularly, epidemics
that come and go on tantalizingly near-regular schedules. If the
weather ever did reach a state exactly like one it had reached
before, every gust and cloud the same, then presumably it would
repeat itself forever after and the problem of forecasting would
become trivial.

Lorenz saw that there must be a link between the unwilling-
ness of the weather to repeat itself and the inability of forecasters
to predict it—a link between aperiodicity and unpredictability. It
was not easy to find simple equations that would produce the
aperiodicity he was seeking. At first his computer tended to lock
into repetitive cycles. But Lorenz tried different sorts of minor
complications, and he finally succeeded when he put in an equa-
tion that varied the amount of heating from east to west, corre-
sponding to the real-world variation between the way the sun
warms the east coast of North America, for example, and the way
it warms the Atlantic Ocean. The repetition disappeared.

The Butterfly Effect was no accident; it was necessary. Sup-
pose small perturbations remained small, he reasoned, instead of
cascading upward through the system. Then when the weather
came arbitrarily close to a state it had passed through before, it
would stay arbitrarily close to the patterns that followed. For
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practical purposes, the cycles would be predictable—and even-
tually uninteresting. To produce the rich repertoire of real earthly
weather, the beautiful multiplicity of it, you could hardly wish
for anything better than a Butterfly Effect.

The Butterfly Effect acquired a technical name: sensitive de-
pendence on initial conditions. And sensitive dependence on in-
itial conditions was not an altogether new notion. It had a place
in folklore:

“For want of a nail, the shoe was lost;
For want of a shoe, the horse was lost;
For want of a horse, the rider was lost;
For want of a rider, the battle was lost;
For want of a battle, the kingdom was lost!”

In science as in life, it is well known that a chain of events
can have a point of crisis that could magnify small changes. But
chaos meant that such points were everywhere. They were per-
vasive. In systems like the weather, sensitive dependence on
initial conditions was an inescapable consequence of the way
small scales intertwined with large.

His colleagues were astonished that Lorenz had mimicked
both aperiodicity and sensitive dependence on initial conditions
in his toy version of the weather: twelve equations, calculated
over and over again with ruthless mechanical efficiency. How
could such richness, such unpredictability—such chaos—arise
from a simple deterministic system?

LORENZ PUT THE WEATHER ASIDE and looked for even simpler
ways to produce this complex behavior. He found one in a system
of just three equations. They were nonlinear, meaning that they
expressed relationships that were not strictly proportional. Linear
relationships can be captured with a straight line on a graph.
Linear relationships are easy to think about: the more the merrier.
Linear equations are solvable, which makes them suitable for text-
books. Linear systems have an important modular virtue: you can
take them apart, and put them together again—the pieces add up.

Nonlinear systems generally cannot be solved and cannot be
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added together. In fluid systems and mechanical systems, the non-
linear terms tend to be the features that people want to leave out
when they try to get a good, simple understanding. Friction, for
example. Without friction a simple linear equation expresses the
amount of energy you need to accelerate a hockey puck. With
friction the relationship gets complicated, because the amount of
energy changes depending on how fast the puck is already moving.
Nonlinearity means that the act of playing the game has a way of
changing the rules. You cannot assign a constant importance to
friction, because its importance depends on speed. Speed, in turn,
depends on friction. That twisted changeability makes nonline-
arity hard to calculate, but it also creates rich kinds of behavior
that never occur in linear systems. In fluid dynamics, everything
boils down to one canonical equation, the Navier-Stokes equation.
It is a miracle of brevity, relating a fluid’s velocity, pressure, den-
sity, and viscosity, but it happens to be nonlinear. So the nature
of those relationships often becomes impossible to pin down. Ana-
lyzing the behavior of a nonlinear equation like the Navier-Stokes
equation is like walking through a maze whose walls rearrange
themselves with each step you take. As Von Neumann himself
put it: “The character of the equation . . . changes simultaneously
in all relevant respects: Both order and degree change. Hence, bad
mathematical difficulties must be expected.” The world would be
a different place—and science would not need chaos—if only the
Navier-Stokes equation did not contain the demon of nonlinearity.

A particular kind of fluid motion inspired Lorenz’s three equa-
tions: the rising of hot gas or liquid, known as convection. In the
atmosphere, convection stirs air heated by the sun-baked earth,
and shimmering convective waves rise ghost-like above hot tar
and radiators. Lorenz was just as happy talking about convection
in a cup of hot coffee. As he put it, this was just one of the
innumerable hydrodynamical processes in our universe whose
future behavior we might wish to predict. How can we calculate
how quickly a cup of coffee will cool? If the coffee is just warm,
its heat will dissipate without any hydrodynamic motion at all.
The coffee remains in a steady state. But if it is hot enough, a
convective overturning will bring hot coffee from the bottom of
the cup up to the cooler surface. Convection in coffee becomes
plainly visible when a little cream is dribbled into the cup. The
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swirls can be complicated. But the long-term destiny of such a
system is obvious. Because the heat dissipates, and because fric-
tion slows a moving fluid, the motion must come to an inevitable
stop. Lorenz drily told a gathering of scientists, “We might have
trouble forecasting the temperature of the coffee one minute in
advance, but we should have little difficulty in forecasting it an
hour ahead.” The equations of motion that govern a cooling cup
of coffee must reflect the system’s destiny. They must be dissi-
pative. Temperature must head for the temperature of the room,
and velocity must head for zero.

Lorenz took a set of equations for convection and stripped it
to the bone, throwing out everything that could possibly be ex-
traneous, making it unrealistically simple. Almost nothing re-
mained of the original model, but he did leave the nonlinearity.
To the eye of a physicist, the equations looked easy. You would
glance at them—many scientists did, in years to come—and say,
I could solve that.

“Yes,” Lorenz said quietly, “there is a tendency to think that
when you see them. There are some nonlinear terms in them, but

Adolph E. Brotman

A ROLLING FLUID. When a liquid or gas is heated from below, the fluid
tends to organize itself into cylindrical rolls (left). Hot fluid rises on one
side, loses heat, and descends on the other side—the process of convec-
tion. When the heat is turned up further (right), an instability sets in, and
the rolls develop a wobble that moves back and forth along the length of
the cylinders. At even higher temperatures, the flow becomes wild and
turbulent.
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you think there must be a way to get around them. But you just
can't.” ‘

The simplest kind of textbook convection takes place in a cell
of fluid, a box with a smooth bottom that can be heated and a
smooth top that can be cooled. The temperature difference be-
tween the hot bottom and the cool top controls the flow. If the
difference is small, the system remains still. Heat moves toward
the top by conduction, as if through a bar of metal, without over-
coming the natural tendency of the fluid to remain at rest. Fur-
thermore, the system is stable. Any random motions that might
occur when, say, a graduate student knocks into the apparatus
will tend to die out, returning the system to its steady state.

Turn up the heat, though, and a new kind of behavior de-
velops. As the fluid underneath becomes hot, it expands. As it
expands, it becomes less dense. As it becomes less dense, it be-
comes lighter, enough to overcome friction, and it pushes up to-
ward the surface. In a carefully designed box, a cylindrical roll
develops, with the hot fluid rising around one side and cool fluid
sinking down around the other. Viewed from the side, the motion
makes a continuous circle. Out of the laboratory, too, nature often
makes its own convection cells. When the sun heats a desert floor,
for example, the rolling air can shape shadowy patterns in the
clouds above or the sand below.

Turn up the heat even more, and the behavior grows more
complex. The rolls begin to wobble. Lorenz’s pared-down equa-
tions were far too simple to model that sort of complexity. They
abstracted just one feature of real-world convection: the circular
motion of hot fluid rising up and around like a Ferris wheel. The
equations took into account the velocity of that motion and the
transfer of heat. Those physical processes interacted. As any given
bit of hot fluid rose around the circle, it would come into contact
with cooler fluid and so begin to lose heat. If the circle was moving
fast enough, the ball of fluid would not lose all its extra heat by
the time it reached the top and started swinging down the other
side of the roll, so it would actually begin to push back against
the momentum of the other hot fluid coming up behind it.

Although the Lorenz system did not fully model convection,
it did turn out to have exact analogues in real systems. For ex-
ample, his equations precisely describe an old-fashioned electri-
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Adolph E. Brotman

THE LORENZIAN WATERWHEEL. The first, famous chaotic system discovered
by Edward Lorenz corresponds exactly to a mechanical device: a water-
wheel. This simple device proves capable of surprisingly complicated
behavior.

The rotation of the waterwheel shares some of the properties of the
rotating cylinders of fluid in the process of convection. The waterwheel
is like a slice through the cylinder. Both systems are driven steadily—
by water or by heat—and both dissipate energy. The fluid loses heat; the
buckets lose water. In both systems, the long-term behavior depends on
how hard the driving energy is.

Water pours in from the top at a steady rate. If the flow of water in
the waterwheel is slow, the top bucket never fills up enough to overcome
friction, and the wheel never starts turning. (Similarly, in a fluid, if the
heat is too low to overcome viscosity, it will not set the fluid in motion.)

If the flow is faster, the weight of the top bucket sets the wheel in
motion (left). The waterwheel can settle into a rotation that continues at
a steady rate (center).

But if the flow is faster still (right), the spin can become chaotic,
because of nonlinear effects built into the system. As buckets pass under
the flowing water, how much they fill depends on the speed of spin. If
the wheel is spinning rapidly, the buckets have little time to fill up.
{Similarly, fluid in a fast-turning convection roll has little time to absorb
heat.) Also, if the wheel is spinning rapidly, buckets can start up the
other side before they have time to empty. As a result, heavy buckets on
the side moving upward can cause the spin to slow down and then
reverse.

In fact, Lorenz discovered, over long periods, the spin can reverse
itself many times, never settling down to a steady rate and never repeating
itself in any predictable pattern.
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cal dynamo, the ancestor of modern generators, where current
flows through a disc that rotates through a magnetic field. Under
certain conditions the dynamo can reverse itself. And some sci-
entists, after Lorenz’s equations became better known, suggested
that the behavior of such a dynamo might provide an explana-
tion for another peculiar reversing phenomenon: the earth’s mag-
netic field. The “‘geodynamo” is known to have flipped many times
during the earth’s history, at intervals that seem erratic and inex-
plicable. Faced with such irregularity, theorists typically look
for explanations outside the system, proposing such causes
as meteorite strikes. Yet perhaps the geodynamo contains its own
chaos.

Another system precisely described by the Lorenz equations
is a certain kind of water wheel, a mechanical analogue of the
rotating circle of convection. At the top, water drips steadily into
containers hanging on the wheel’s rim. Each container leaks stead-
ily from a small hole. If the stream of water is slow, the top con-
tainers never fill fast enough to overcome friction, but if the stream
is faster, the weight starts to turn the wheel. The rotation might
become continuous. Or if the stream is so fast that the heavy
containers swing all the way around the bottom and start up the
other side, the wheel might then slow, stop, and reverse its ro-
tation, turning first one way and then the other.

THE LORENZ ATTRACTOR (on facing page). This magical image, resembling
an owl’s mask or butterfly’s wings, became an emblem for the early ex-
plorers of chaos. It revealed the fine structure hidden within a disorderly
stream of data. Traditionally, the changing values of any one variable
could be displayed in a so-called time series (top). To show the changing
relationships among three variables required a different technique. At
any instant in time, the three variables fix the location of a point in three-
dimensional space; as the system changes, the motion of the point rep-
resents the continuously changing variables.

Because the system never exactly repeats itself, the trajectory never
intersects itself. Instead it loops around and around forever. Motion on
the attractor is abstract, but it conveys the flavor of the motion of the real
system. For example, the crossover from one wing of the attractor to the
other corresponds to a reversal in the direction of spin of the waterwheel
or convecting fluid.
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A physicist’s intuition about such a simple mechanical sys-
tem—his pre-chaos intuition—tells him that over the long term,
if the stream of water never varied, a steady state would evolve.
Either the wheel would rotate steadily or it would oscillate stead-
ily back and forth, turning first in one direction and then the other
at constant intervals. Lorenz found otherwise.

Three equations, with three variables, completely described
the motion of this system. Lorenz’s computer printed out the
changing values of the three variables: 0-10-0; 4-12-0; 9-20-0;
16—-36-2; 30-66-7; 54—115-24; 93—192—74. The three numbers
rose and then fell as imaginary time intervals ticked by, five time
steps, a hundred time steps, a thousand.

To make a picture from the data, Lorenz used each set of three
numbers as coordinates to specify the location of a point in three-
dimensional space. Thus the sequence of numbers produced a
sequence of points tracing a continuous path, a record of the sys-
tem’s behavior. Such a path might lead to one place and stop,
meaning that the system had settled down to a steady state, where
the variables for speed and temperature were no longer changing.
Or the path might form a loop, going around and around, meaning
that the system had settled into a pattern of behavior that would
repeat itself periodically.

Lorenz’s system did neither. Instead, the map displayed a kind
of infinite complexity. It always stayed within certain bounds,
never running off the page but never repeating itself, either. It
traced a strange, distinctive shape, a kind of double spiral in three
dimensions, like a butterfly with its two wings. The shape signaled
pure disorder, since no point or pattern of points ever recurred.
Yet it also signaled a new kind of order.

YEARS LATER, PHYSICISTS would give wistful looks when they
talked about Lorenz’s paper on those equations—*‘that beautiful
marvel of a paper.” By then it was talked about as if it were an
ancient scroll, preserving secrets of eternity. In the thousands of
articles that made up the technical literature of chaos, few were
cited more often than “Deterministic Nonperiodic Flow.” For years,
no single object would inspire more illustrations, even motion
pictures, than the mysterious curve depicted at the end, the double
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spiral that became known as the Lorenz attractor. For the first
time, Lorenz’s pictures had shown what it meant to say, “This is
complicated.” All the richness of chaos was there.

At the time, though, few could see it. Lorenz described it to
Willem Malkus, a professor of applied mathematics at M.L.T., a
gentlemanly scientist with a grand capacity for appreciating the
work of colleagues. Malkus laughed and said, “Ed, we know—we
know very well—that fluid convection doesn’t do that at all.” The
complexity would surely be damped out, Malkus told him, and
the system would settle down to steady, regular motion.

“Of course, we completely missed the point,”” Malkus said a
generation later—years after he had built a real Lorenzian water-
wheel in his basement laboratory to show nonbelievers. “Ed wasn’t
thinking in terms of our physics at all. He was thinking in terms
of some sort of generalized or abstracted model which exhibited
behavior that he intuitively felt was characteristic of some aspects
of the external world. He couldn’t quite say that to us, though. It’s
only after the fact that we perceived that he must have held those
views.”

Few laymen realized how tightly compartmentalized the sci-
entific community had become, a battleship with bulkheads sealed
against leaks. Biologists had enough to read without keeping up
with the mathematics literature—for that matter, molecular bi-
ologists had enough to read without keeping up with population
biology. Physicists had better ways to spend their time than sifting
through the meteorology journals. Some mathematicians would
have been excited to see Lorenz’s discovery; within a decade,
physicists, astronomers, and biologists were seeking something
just like it, and sometimes rediscovering it for themselves. But
Lorenz was a meteorologist, and no one thought to look for chaos
on page 130 of volume 20 of the Journal of the Atmospheric Sci-
ences.



Revolution

Of course, the entire effort is to put oneself
Outside the ordinary range
Of what are called statistics.

—STEPHEN SPENDER



THE HISTORIAN OF SCIENCE Thomas S. Kuhn describes a dis-
turbing experiment conducted by a pair of psychologists in the
1940s. Subjects were given glimpses of playing cards, one at a
time, and asked to name them. There was a trick, of course. A few
of the cards were freakish: for example, a red six of spades or a
black queen of diamonds.

At high speed the subjects sailed smoothly along. Nothing
could have been simpler. They didn’t see the anomalies at all.
Shown a red six of spades, they would sing out either *“six of
hearts” or “six of spades.” But when the cards were displayed for
longer intervals, the subjects started to hesitate. They became aware
of a problem but were not sure quite what it was. A subject might
say that he had seen something odd, like a red border around a
black heart.

Eventually, as the pace was slowed even more, most subjects
would catch on. They would see the wrong cards and make the
mental shift necessary to play the game without error. Not every-
one, though. A few suffered a sense of disorientation that brought
real pain. “I can’t make that suit out, whatever it is,” said one.
“It didn’t even look like a card that time. I don’t know what color
it is now or whether it’s a spade or a heart. I'm not even sure what
a spade looks like. My God!”

Professional scientists, given brief, uncertain glimpses of na-
ture’s workings, are no less vulnerable to anguish and confusion
when they come face to face with incongruity. And incongruity,
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when it changes the way a scientist sees, makes possible the most
important advances. So Kuhn argues, and so the story of chaos
suggests.

Kuhn’s notions of how scientists work and how revolutions
occur drew as much hostility as admiration when he first pub-
lished them, in 1962, and the controversy has never ended. He
pushed a sharp needle into the traditional view that science pro-
gresses by the accretion of knowledge, each discovery adding to
the last, and that new theories emerge when new experimental
facts require them. He deflated the view of science as an orderly
process of asking questions and finding their answers. He em-
phasized a contrast between the bulk of what scientists do, work-
ing on legitimate, well-understood problems within their disciplines,
and the exceptional, unorthodox work that creates revolutions.
Not by accident, he made scientists seem less than perfect ration-
alists.

In Kuhn's scheme, normal science consists largely of mopping-
up operations. Experimentalists carry out modified versions of
experiments that have been carried out many times before. The-
orists add a brick here, reshape a cornice there, in a wall of theory.
It could hardly be otherwise. If all scientists had to begin from
the beginning, questioning fundamental assumptions, they would
be hard pressed to reach the level of technical sophistication nec-
essary to do useful work. In Benjamin Franklin’s time, the handful
of scientists trying to understand electricity could choose their
own first principles—indeed, had to. One researcher might con-
sider attraction to be the most important electrical effect, thinking
of electricity as a sort of “effluvium” emanating from substances.
Another might think of electricity as a fluid, conveyed by con-
ducting material. These scientists could speak almost as easily to
laymen as to each other, because they had not yet reached a stage
where they could take for granted a common, specialized language
for the phenomena they were studying. By contrast, a twentieth-
century fluid dynamicist could hardly expect to advance knowl-
edge in his field without first adopting a body of terminology and
mathematical technique. In return, unconsciously, he would give
up much freedom to question the foundations of his science.

Central to Kuhn’s ideas is the vision of normal science as
solving problems, the kinds of problems that students learn the
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first time they open their textbooks. Such problems define an
accepted style of achievement that carries most scientists through
graduate school, through their thesis work, and through the writ-
ing of journal articles that makes up the body of academic careers.
“Under normal conditions the research scientist is not an in-
novator but a solver of puzzles, and the puzzles upon which
he concentrates are just those which he believes can be both
stated and solved within the existing scientific tradition,” Kuhn
wrote.

Then there are revolutions. A new science arises out of one
that has reached a dead end. Often a revolution has an interdis-
ciplinary character——its central discoveries often come from peo-
ple straying outside the normal bounds of their specialties. The
problems that obsess these theorists are not recognized as legiti-
mate lines of inquiry. Thesis proposals are turned down or articles
are refused publication. The theorists themselves are not sure
whether they would recognize an answer if they saw one. They
accept risk to their careers. A few freethinkers working alone,
unable to explain where they are heading, afraid even to tell their
colleagues what they are doing—that romantic image lies at the
heart of Kuhn'’s scheme, and it has occurred in real life, time and
time again, in the exploration of chaos.

Every scientist who turned to chaos early had a story to tell
of discouragement or open hostility. Graduate students were warned
that their careers could be jeopardized if they wrote theses in an
untested discipline, in which their advisors had no expertise. A
particle physicist, hearing about this new mathematics, might begin
playing with it on his own, thinking it was a beautiful thing, both
beautiful and hard—but would feel that he could never tell his
colleagues about it. Older professors felt they were suffering a
kind of midlife crisis, gambling on a line of research that many
colleagues were likely to misunderstand or resent. But they also
felt an intellectual excitement that comes with the truly new. Even
outsiders felt it, those who were attuned to it. To Freeman Dyson
at the Institute for Advanced Study, the news of chaos came “like
an electric shock” in the 1970s. Others felt that for the first time
in their professional lives they were witnessing a true paradigm
shift, a transformation in a way of thinking.

Those who recognized chaos in the early days agonized over
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how to shape their thoughts and findings into publishable form.
Work fell between disciplines—for example, too abstract for phys-
icists yet too experimental for mathematicians. To some the dif-
ficulty of communicating the new ideas and the ferocious resistance
from traditional quarters showed how revolutionary the new sci-
ence was. Shallow ideas can be assimilated; ideas that require
people to reorganize their picture of the world provoke hostility.
A physicist at the Georgia Institute of Technology, Joseph Ford,
started quoting Tolstoy: “I know that most men, including those
at ease with problems of the greatest complexity, can seldom ac-
cept even the simplest and most obvious truth if it be such as
would oblige them to admit the falsity of conclusions which they
have delighted in explaining to colleagues, which they have proudly
taught to others, and which they have woven, thread by thread,
into the fabric of their lives.”

Many mainstream scientists remained only dimly aware of
the emerging science. Some, particularly traditional fluid dyna-
micists, actively resented it. At first, the claims made on behalf
of chaos sounded wild and unscientific. And chaos relied on math-
ematics that seemed unconventional and difficult.

As the chaos specialists spread, some departments frowned
on these somewhat deviant scholars; others advertised for more.
Some journals established unwritten rules against submissions on
chaos; other journals came forth to handle chaos exclusively. The
chaoticists or chaologists (such coinages could be heard) turned
up with disproportionate frequency on the yearly lists of important
fellowships and prizes. By the middle of the eighties a process of
academic diffusion had brought chaos specialists into influential
positions within university bureaucracies. Centers and institutes
were founded to specialize in ‘“‘nonlinear dynamics” and “com-
plex systems.”

Chaos has become not just theory but also method, not just a
canon of beliefs but also a way of doing science. Chaos has created
its own technique of using computers, a technique that does not
require the vast speed of Crays and Cybers but instead favors
modest terminals that allow flexible interaction. To chaos re-
searchers, mathematics has become an experimental science, with
the computer replacing laboratories full of test tubes and micro-
scopes. Graphic images are the key. “It’s masochism for a math-
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ematician to do without pictures,” one chaos specialist would say.
“How can they see the relationship between that motion and this?
How can they develop intuition?”” Some carry out their work ex-
plicitly denying that it is a revolution; others deliberately use
Kuhn's language of paradigm shifts to describe the changes they
witness.

Stylistically, early chaos papers recalled the Benjamin Frank-
lin era in the way they went back to first principles. As Kuhn
notes, established sciences take for granted a body of knowledge
that serves as a communal starting point for investigation. To avoid
boring their colleagues, scientists routinely begin and end their
papers with esoterica. By contrast, articles on chaos from the late
1970s onward sounded evangelical, from their preambles to their
perorations. They declared new credos, and they often ended with
pleas for action. These results appear to us to be both exciting
and highly provocative. A theoretical picture of the transition to
turbulence is just beginning to emerge. The heart of chaos is math-
ematically accessible. Chaos now presages the future as none will
gainsay. But to accept the future, one must renounce much of the
past.

New hopes, new styles, and, most important, a new way of
seeing. Revolutions do not come piecemeal. One account of nature
replaces another. Old problems are seen in a new light and other
problems are recognized for the first time. Something takes place
that resembles a whole industry retooling for new production. In
Kuhn'’s words, “It is rather as if the professional community had
been suddenly transported to another planet where familiar ob-
jects are seen in a different light and are joined by unfamiliar ones
as well.”

THE LABORATORY MOUSE of the new science was the pendu-
lum: emblem of classical mechanics, exemplar of constrained ac-
tion, epitome of clockwork regularity. A bob swings free at the
end of a rod. What could be further removed from the wildness
of turbulence?

Where Archimedes had his bathtub and Newton his apple,
s0, according to the usual suspect legend, Galileo had a church
lamp, swaying back and forth, time and again, on and on, sending
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its message monotonously into his consciousness. Christian Huy-
gens turned the predictability of the pendulum into a means of
timekeeping, sending Western civilization down a road from which
there was no return. Foucault, in the Panthéon of Paris, used a
twenty-story-high pendulum to demonstrate the earth’s rotation.
Every clock and every wristwatch (until the era of vibrating quartz)
relied on a pendulum of some size or shape. (For that matter, the
oscillation of quartz is not so different.) In space, free of friction,
periodic motion comes from the orbits of heavenly bodies, but on
earth virtually any regular oscillation comes from some cousin of
the pendulum. Basic electronic circuits are described by equations
exactly the same as those describing a swinging bob. The elec-
tronic oscillations are millions of times faster, but the physics is
the same. By the twentieth century, though, classical mechanics
was strictly a business for classrooms and routine engineering
projects. Pendulums decorated science museums and enlivened
airport gift shops in the form of rotating plastic “space balls.” No
research physicist bothered with pendulums.

Yet the pendulum still had surprises in store. It became a
touchstone, as it had for Galileo’s revolution. When Aristotle looked
at a pendulum, he saw a weight trying to head earthward but
swinging violently back and forth because it was constrained by
its rope. To the modern ear this sounds foolish. For someone
bound by classical concepts of motion, inertia, and gravity, it is
hard to appreciate the self-consistent world view that went with
Aristotle’s understanding of a pendulum. Physical motion, for
Aristotle, was not a quantity or a force but rather a kind of change,
just as a person’s growth is a kind of change. A falling weight is
simply seeking its most natural state, the state it will reach if left
to itself. In context, Aristotle’s view made sense. When Galileo
looked at a pendulum, on the other hand, he saw a regularity that
could be measured. To explain it required a revolutionary way of
understanding objects in motion. Galileo’s advantage over the an-
cient Greeks was not that he had better data. On the contrary, his
idea of timing a pendulum precisely was to get some friends to-
gether to count the oscillations over a twenty-four-hour period—
a labor-intensive experiment. Galileo saw the regularity because
he already had a theory that predicted it. He understood what
Aristotle could not: that a moving object tends to keep moving,
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that a change in speed or direction could only be explained by
some external force, like friction.

In fact, so powerful was his theory that he saw a regularity
that did not exist. He contended that a pendulum of a given length
not only keeps precise time but keeps the same time no matter
how wide or narrow the angle of its swing. A wide-swinging pen-
dulum has farther to travel, but it happens to travel just that much
faster. In other words, its period remains independent of its am-
plitude. “If two friends shall set themselves to count the oscil-
lations, one counting the wide ones and the other the narrow, they
will see that they may count not just tens, but even hundreds,
without disagreeing by even one, or part of one.” Galileo phrased
his claim in terms of experimentation, but the theory made it
convincing—so much so that it is still taught as gospel in most
high school physics courses. But it is wrong. The regularity Galileo
saw is only an approximation. The changing angle of the bob’s
motion creates a slight nonlinearity in the equations. At low am-
plitudes, the error is almost nonexistent. But it is there, and it is
measurable even in an experiment as crude as the one Galileo
describes.

Small nonlinearities were easy to disregard. People who con-
duct experiments learn quickly that they live in an imperfect world.
In the centuries since Galileo and Newton, the search for regularity
in experiment has been fundamental. Any experimentalist looks
for quantities that remain the same, or quantities that are zero.
But that means disregarding bits of messiness that interfere with
a neat picture. If a chemist finds two substances in a constant
proportion of 2.001 one day, and 2.003 the next day, and 1.998
the day after, he would be a fool not to look for a theory that would
explain a perfect two-to-one ratio.

To get his neat results, Galileo also had to disregard nonlin-
earities that he knew of: friction and air resistance. Air resistance
is a notorious experimental nuisance, a complication that had to
be stripped away to reach the essence of the new science of me-
chanics. Does a feather fall as rapidly as a stone? All experience
with falling objects says no. The story of Galileo dropping balls
off the tower of Pisa, as a piece of myth, is a story about changing
intuitions by inventing an ideal scientific world where regularities
can be separated from the disorder of experience.
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To separate the effects of gravity on a given mass from the
effects of air resistance was a brilliant intellectual achievement.
It allowed Galileo to close in on the essence of inertia and mo-
mentum. Still, in the real world, pendulums eventually do exactly
what Aristotle’s quaint paradigm predicted. They stop.

In laying the groundwork for the next paradigm shift, phys-
icists began to face up to what many believed was a deficiency in
their education about simple systems like the pendulum. By our
century, dissipative processes like friction were recognized, and
students learned to include them in equations. Students also learned
that nonlinear systems were usually unsolvable, which was true,
and that they tended to be exceptions—which was not true. Clas-
sical mechanics described the behavior of whole classes of moving
objects, pendulums and double pendulums, coiled springs and
bent rods, plucked strings and bowed strings. The mathematics
applied to fluid systems and to electrical systems. But almost no
one in the classical era suspected the chaos that could lurk in
dynamical systems if nonlinearity was given its due.

A physicist could not truly understand turbulence or com-
plexity unless he understood pendulums—and understood them
in a way that was impossible in the first half of the twentieth
century. As chaos began to unite the study of different systems,
pendulum dynamics broadened to cover high technologies from
lasers to superconducting Josephson junctions. Some chemical
reactions displayed pendulum-like behavior, as did the beating
heart. The unexpected possibilities extended, one physicist wrote,
to “physiological and psychiatric medicine, economic forecasting,
and perhaps the evolution of society.”

Consider a playground swing. The swing accelerates on its
way down, decelerates on its way up, all the while losing a bit of
speed to friction. It gets a regular push—say, from some clockwork
machine. All our intuition tells us that, no matter where the swing
might start, the motion will eventually settle down to a regular
back and forth pattern, with the swing coming to the same height
each time. That can happen. Yet, odd as it seems, the motion can
also turn erratic, first high, then low, never settling down to a
steady state and never exactly repeating a pattern of swings that
came before.

The surprising, erratic behavior comes from a nonlinear twist
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in the flow of energy in and out of this simple oscillator. The
swing is damped and it is driven: damped because friction is trying
to bring it to a halt, driven because it is getting a periodic push.
Even when a damped, driven system is at equilibrium, it is not
at equilibrium, and the world is full of such systems, beginning
with the weather, damped by the friction of moving air and water
and by the dissipation of heat to outer space, and driven by the
constant push of the sun’s energy.

But unpredictability was not the reason physicists and math-
ematicians began taking pendulums seriously again in the sixties
and seventies. Unpredictability was only the attention-grabber.
Those studying chaotic dynamics discovered that the disorderly
behavior of simple systems acted as a creative process. It generated
complexity: richly organized patterns, sometimes stable and some-
times unstable, sometimes finite and sometimes infinite, but al-
ways with the fascination of living things. That was why scientists
played with toys.

One toy, sold under the name ‘““Space Balls” or ““Space Tra-
peze,” is a pair of balls at opposite ends of a rod, sitting like the
crossbar of a T atop a pendulum with a third, heavier ball at its
foot. The lower ball swings back and forth while the upper rod
rotates freely. All three balls have little magnets inside, and once
set in motion the device keeps going because it has a battery-
powered electromagnet embedded in the base. The device senses
the approach of the lowest ball and gives it a small magnetic kick
each time it passes. Sometimes the apparatus settles into a steady,
rhythmic swinging. But other times, its motion seems to remain
chaotic, always changing and endlessly surprising.

Another common pendulum toy is no more than a so-called
spherical pendulum—a pendulum free to swing not just back and
forth but in any direction. A few small magnets are placed around
its base. The magnets attract the metal bob, and when the pen-
dulum stops, it will have been captured by one of them. The idea
is to set the pendulum swinging and guess which magnet will
win. Even with just three magnets placed in a triangle, the pen-
dulum’s motion cannot be predicted. It will swing back and forth
between A and B for a while, then switch to B and C, and then,
just as it seems to be settling on C, jump back to A. Suppose a
scientist systematically explores the behavior of this toy by making
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a map, as follows: Pick a starting point; hold the bob there and
let go; color the point red, blue, or green, depending on which
magnet ends up with the bob. What will the map look like? It will
have regions of solid red, blue, or green, as one might expect—
regions where the bob will swing reliably to a particular magnet.
But it can also have regions where the colors are woven together
with infinite complexity. Adjacent to a red point, no matter how
close one chooses to look, no matter how much one magnifies the
map, there will be green points and blue points. For all practical
purposes, then, the bob’s destiny will be impossible to guess.

Traditionally, a dynamicist would believe that to write down
a system’s equations is to understand the system. How better to
capture the essential features? For a playground swing or a toy,
the equations tie together the pendulum’s angle, its velocity, its
friction, and the force driving it. But because of the little bits of
nonlinearity in these equations, a dynamicist would find himself
helpless to answer the easiest practical questions about the future
of the system. A computer can address the problem by simulating
it, rapidly calculating each cycle. But simulation brings its own
problem: the tiny imprecision built into each calculation rapidly
takes over, because this is a system with sensitive dependence on
initial conditions. Before long, the signal disappears and all that
remains is noise.

Or is it? Lorenz had found unpredictability, but he had also
found pattern. Others, too, discovered suggestions of structure
amid seemingly random behavior. The example of the pendulum
was simple enough to disregard, but those who chose not to dis-
regard it found a provocative message. In some sense, they real-
ized, physics understood perfectly the fundamental mechanisms
of pendulum motion but could not extend that understanding to
the long term. The microscopic pieces were perfectly clear; the
macroscopic behavior remained a mystery. The tradition of look-
ing at systems locally—isolating the mechanisms and then adding
them together—was beginning to break down. For pendulums, for
fluids, for electronic circuits, for lasers, knowledge of the funda-
mental equations no longer seemed to be the right kind of knowl-
edge at all.

As the 1960s went on, individual scientists made discoveries
that paralleled Lorenz’s: a French astronomer studying galactic
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orbits, for example, and a Japanese electrical engineer modeling
electronic circuits. But the first deliberate, coordinated attempt to
understand how global behavior might differ from local behavior
came from mathematicians. Among them was Stephen Smale of
the University of California at Berkeley, already famous for un-
raveling the most esoteric problems of many-dimensional topol-
ogy. A young physicist, making small talk, asked what Smale was
working on. The answer stunned him: “Oscillators.” It was absurd.
Oscillators—pendulums, springs, or electrical circuits—were the
sort of problem that a physicist finished off early in his training.
They were easy. Why would a great mathematician be studying
elementary physics? Not until years later did the young man re-
alize that Smale was looking at nonlinear oscillators, chaotic os-
cillators, and seeing things that physicists had learned not to see.

SMALE MADE A BAD CONJECTURE. In the most rigorous math-
ematical terms, he proposed that practically all dynamical systems
tended to settle, most of the time, into behavior that was not too
strange. As he soon learned, things were not so simple.

Smale was a mathematician who did not just solve problems
but also built programs of problems for others to solve. He parlayed
his understanding of history and his intuition about nature into
an ability to announce, quietly, that a whole untried area of re-
search was now worth a mathematician’s time. Like a successful
businessman, he evaluated risks and coolly planned his strategy,
and he had a Pied Piper quality. Where Smale led, many followed.
His reputation was not confined to mathematics, though. Early in
the Vietnam war, he and Jerry Rubin organized “International Days
of Protest’’ and sponsored efforts to stop the trains carrying troops
through California. In 1966, while the House Un-American Ac-
tivities Committee was trying to subpoena him, he was heading
for Moscow to attend the International Congress of Mathemati-
cians. There he received the Fields Medal, the highest honor of
his profession.

The scene in Moscow that summer became an indelible part
of the Smale legend. Five thousand agitated and agitating math-
ematicians had gathered. Political tensions were high. Petitions
were circulating. As the conference drew toward its close, Smale
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responded to a request from a North Vietnamese reporter by giving
a press conference on the broad steps of Moscow University. He
began by condemning the American intervention in Vietnam, and
then, just as his hosts began to smile, added a condemnation of
the Soviet invasion of Hungary and the absence of political free-
dom in the Soviet Union. When he was done, he was quickly
hustled away in a car for questioning by Soviet officials. When he
returned to California, the National Science Foundation canceled
his grant.

Smale’s Fields Medal honored a famous piece of work in
topology, a branch of mathematics that flourished in the twentieth
century and had a particular heyday in the fifties. Topology studies
the properties that remain unchanged when shapes are deformed
by twisting or stretching or squeezing. Whether a shape is square
or round, large or small, is irrelevant in topology, because stretch-
ing can change those properties. Topologists ask whether a shape
is connected, whether it has holes, whether it is knotted. They
imagine surfaces not just in the one-, two-, and three-dimensional
universes of Euclid, but in spaces of many dimensions, impossible
to visualize. Topology is geometry on rubber sheets. It concerns
the qualitative rather than the quantitative. It asks, if you don’t
know the measurements, what can you say about overall structure.
Smale had solved one of the historic, outstanding problems of
topology, the Poincaré conjecture, for spaces of five dimensions
and higher, and in so doing established a secure standing as one
of the great men of the field. In the 1960s, though, he left topology
for untried territory. He began studying dynamical systems.

Both subjects, topology and dynamical systems, went back to
Henri Poincaré, who saw them as two sides of one coin. Poincaré,
at the turn of the century, had been the last great mathematician
to bring a geometric imagination to bear on the laws of motion in
the physical world. He was the first to understand the possibility
of chaos; his writings hinted at a sort of unpredictability almost
as severe as the sort Lorenz discovered. But after Poincaré’s death,
while topology flourished, dynamical systems atrophied. Even the
name fell into disuse; the subject to which Smale nominally turned
was differential equations. Differential equations describe the way
systems change continuously over time. The tradition was to look
at such things locally, meaning that engineers or physicists would
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consider one set of possibilities at a time. Like Poincaré, Smale
wanted to understand them globally, meaning that he wanted to
understand the entire realm of possibilities at once.

Any set of equations describing a dynamical system—Lor-
enz’s, for example—allows certain parameters to be set at the start.
In the case of thermal convection, one parameter concerns the
viscosity of the fluid. Large changes in parameters can make large
differences in a system—for example, the difference between ar-
riving at a steady state and oscillating periodically. But physicists
assumed that very small changes would cause only very small
differences in the numbers, not qualitative changes in behavior.

Linking topology and dynamical systems is-the possibility of
using a shape to help visualize the whole range of behaviors of a
system. For a simple system, the shape might be some kind of
curved surface; for a complicated system, a manifold of many
dimensions. A single point on such a surface represents the state
of a system at an instant frozen in time. As a system progresses
through time, the point moves, tracing an orbit across this surface.
Bending the shape a little corresponds to changing the system’s
parameters, making a fluid more viscous or driving a pendulum
a little harder. Shapes that look roughly the same give roughly the
same kinds of behavior. If you can visualize the shape, you can
understand the system.

When Smale turned to dynamical systems, topology, like most
pure mathematics, was carried out with an explicit disdain for
real-world applications. Topology’s origins had been close to
physics, but for mathematicians the physical origins were forgot-
ten and shapes were studied for their own sake. Smale fully be-
lieved in that ethos—he was the purest of the pure—yet he had
an idea that the abstract, esoteric development of topology might
now have something to contribute to physics, just as Poincaré had
intended at the turn of the century.

One of Smale’s first contributions, as it happened, was his
faulty conjecture. In physical terms, he was proposing a law of
nature something like this: A system can behave erratically, but
the erratic behavior cannot be stable. Stability—‘“stability in the
sense of Smale,” as mathematicians would sometimes say—was
a crucial property. Stable behavior in a system was behavior that
would not disappear just because some number was changed a
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tiny bit. Any system could have both stable and unstable behaviors
within it. The equations governing a pencil standing on its point
have a good mathematical solution with the center of gravity di-
rectly above the point—but you cannot stand a pencil on its point
because the solution is unstable. The slightest perturbation draws
the system away from that solution. On the other hand, a marble
lying at the bottom of a bowl stays there, because if the marble is
perturbed slightly it rolls back. Physicists assumed that any be-
havior they could actually observe regularly would have to be
stable, since in real systems tiny disturbances and uncertainties
are unavoidable. You never know the parameters exactly. If you
want a model that will be both physically realistic and robust in
the face of small perturbations, physicists reasoned that you must
surely want a stable model.

The bad news arrived in the mail soon after Christmas 1959,
when Smale was living temporarily in an apartment in Rio de
Janeiro with his wife, two infant children, and a mass of diapers.
His conjecture had defined a class of differential equations, all
structurally stable. Any chaotic system, he claimed, could be ap-
proximated as closely as you liked by a system in his class. It was
not so. A letter from a colleague informed him that many systems
were not so well-behaved as he had imagined, and it described a
counterexample, a system with chaos and stability, together. This
system was robust. If you perturbed it slightly, as any natural
system is constantly perturbed by noise, the strangeness would
not go away. Robust and strange—Smale studied the letter with
a disbelief that melted away slowly.

Chaos and instability, concepts only beginning to acquire for-
mal definitions, were not the same at all. A chaotic system could
be stable if its particular brand of irregularity persisted in the face
of small disturbances. Lorenz’s system was an example, although
years would pass before Smale heard about Lorenz. The chaos
Lorenz discovered, with all its unpredictability, was as stable as
a marble in a bowl. You could add noise to this system, jiggle it,
stir it up, interfere with its motion, and then when everything
settled down, the transients dying away like echoes in a canyon,
the system would return to the same peculiar pattern of irregu-
larity as before. It was locally unpredictable, globally stable. Real
dynamical systems played by a more complicated set of rules than
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anyone had imagined. The example described in the letter from
Smale’s colleague was another simple system, discovered more
than a generation earlier and all but forgotten. As it happened, it
was a pendulum in disguise: an oscillating electronic circuit. It
was nonlinear and it was periodically forced, just like a child on
a swing.

It was just a vacuum tube, really, investigated in the twenties
by a Dutch electrical engineer named Balthasar van der Pol. A
modern physics student would explore the behavior of such an
oscillator by looking at the line traced on the screen of an oscil-
loscope. Van der Pol did not have an oscilloscope, so he had to
monitor his circuit by listening to changing tones in a telephone
handset. He was pleased to discover regularities in the behavior
as he changed the current that fed it. The tone would leap from
frequency to frequency as if climbing a staircase, leaving one fre-
quency and then locking solidly onto the next. Yet once in a while
van der Pol noted something strange. The behavior sounded ir-
regular, in a way that he could not explain. Under the circum-
stances he was not worried. ““Often an irregular noise is heard in
the telephone receivers before the frequency jumps to the next
lower value,” he wrote in a letter to Nature. “However, this is a
subsidiary phenomenon.” He was one of many scientists who got
aglimpse of chaos but had no language to understand it. For people
trying to build vacuum tubes, the frequency-locking was impor-
tant. But for people trying to understand the nature of complexity,
the truly interesting behavior would turn out to be the “irregular
noise”’ created by the conflicting pulls of a higher and lower fre-
quency.

Wrong though it was, Smale’s conjecture put him directly on
the track of a new way of conceiving the full complexity of dy-
namical systems. Several mathematicians had taken another look
at the possibilities of the van der Pol oscillator, and Smale now
took their work into a new realm. His only oscilloscope screen
was his mind, but it was a mind shaped by his years of exploring
the topological universe. Smale conceived of the entire range of
possibilities in the oscillator, the entire phase space, as physicists
called it. Any state of the system at a moment frozen in time was
represented as a point in phase space; all the information about
its position or velocity was contained in the coordinates of that
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point. As the system changed in some way, the point would move
to a new position in phase space. As the system changed contin-
uously, the point would trace a trajectory.

For a simple system like a pendulum, the phase space might
just be a rectangle: the pendulum’s angle at a given instant would
determine the east-west position of a point and the pendulum’s
speed would determine the north-south position. For a pendulum
swinging regularly back and forth, the trajectory through phase
space would be a loop, around and around as the system lived
through the same sequence of positions over and over again.

Smale, instead of looking at any one trajectory, concentrated
on the behavior of the entire space as the system changed—as
more driving energy was added, for example. His intuition leapt
from the physical essence of the system to a new kind of geo-
metrical essence. His tools were topological transformations of
shapes in phase space—transformations like stretching and
squeezing. Sometimes these transformations had clear physical
meaning. Dissipation in a system, the loss of energy to friction,
meant that the system’s shape in phase space would contract like

\

MAKING PORTRAITS IN PHASE SPACE. Traditional time series (above) and
trajectories in phase space (below) are two ways of displaying the same
data and gaining a picture of a system’s long-term behavior. The first
system (left) converges on a steady state—a point in phase space. The
second repeats itself periodically, forming a cyclical orbit. The third re-
peats itself in a more complex waltz rhythm, a cycle with “period three.”
The fourth is chaotic.
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a balloon losing air—finally shrinking to a point at the moment
the system comes to a complete halt. To represent the full com-
plexity of the van der Pol oscillator, he realized that the phase
space would have to suffer a complex new kind of combination
of transformations. He quickly turned his idea about visualizing
global behavior into a new kind of model. His innovation—an
enduring image of chaos in the years that followed—was a struc-
ture that became known as the horseshoe.

To make a simple version of Smale’s horseshoe, you take a
rectangle and squeeze it top and bottom into a horizontal bar. Take
one end of the bar and fold it and stretch it around the other,
making a C-shape, like a horseshoe. Then imagine the horseshoe
embedded in a new rectangle and repeat the same transformation,
shrinking and folding and stretching.

The process mimics the work of a mechanical taffy-maker,
with rotating arms that stretch the taffy, double it up, stretch it
again, and so on until the taffy’s surface has become very long,
very thin, and intricately self-embedded. Smale put his horseshoe
through an assortment of topological paces, and, the mathematics
aside, the horseshoe provided a neat visual analogue of the sen-

H. Bruce Stewart and J. M. Thompson

SMALE’S HORSESHOE. This topological transformation provided a basis for
understanding the chaotic properties of dynamical systems. The basics
are simple: A space is stretched in one direction, squeezed in another,
and then folded. When the process is repeated, it produces a kind of
structured mixing familiar to anyone who has rolled many-layered pastry
dough. A pair of points that end up close together may have begun far
apart.



52 CHAOS

sitive dependence on initial conditions that Lorenz would dis-
cover in the atmosphere a few years later. Pick two nearby points
in the original space, and you cannot guess where they will end
up. They will be driven arbitrarily far apart by all the folding and
stretching. Afterward, two points that happen to lie nearby will
have begun arbitrarily far apart.

Originally, Smale had hoped to explain all dynamical systems
in terms of stretching and squeezing—with no folding, at least no
folding that would drastically undermine a system’s stability. But
folding turned out to be necessary, and folding allowed sharp
changes in dynamical behavior. Smale’s horseshoe stood as the
first of many new geometrical shapes that gave mathematicians
and physicists a new intuition about the possibilities of motion.
In some ways it was too artificial to be useful, still too much a
creature of mathematical topology to appeal to physicists. But it
served as a starting point. As the sixties went on, Smale assembled
around him at Berkeley a group of young mathematicians who
shared his excitement about this new work in dynamical systems.
Another decade would pass before their work fully engaged the
attention of less pure sciences, but when it did, physicists would
realize that Smale had turned a whole branch of mathematics back
toward the real world. It was a golden age, they said.

“It’s the paradigm shift of paradigm shifts,” said Ralph Abra-
ham, a Smale colleague who became a professor of mathematics
at the University of California at Santa Cruz.

“When I started my professional work in mathematics in 1960,
which is not so long ago, modern mathematics in its entirety—in
its entirety—was rejected by physicists, including the most avant-
garde mathematical physicists. So differentiable dynamics, global
analysis, manifolds of mappings, differential geometry—every-
thing just a year or two beyond what Einstein had used—was all
rejected. The romance between mathematicians and physicists
had ended in divorce in the 1930s. These people were no longer
speaking. They simply despised each other. Mathematical phys-
icists refused their graduate students permission to take math
courses from mathematicians: Take mathematics from us. We will
teach you what you need to know. The mathematicians are on
some kind of terrible ego trip and they will destroy your mind.
That was 1960. By 1968 this had completely turned around.”
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Eventually physicists, astronomers, and biologists all knew they
had to have the news.

A MODEST COSMIC MYSTERY: the Great Red Spot of Jupiter, a
vast, swirling oval, like a giant storm that never moves and never
runs down. Anyone who saw the pictures beamed across space
from Voyager 2 in 1978 recognized the familiar look of turbulence
on a hugely unfamiliar scale. It was one of the solar system’s most
venerable landmarks—*‘the red spot roaring like an anguished eye/
amid a turbulence of boiling eyebrows,”’ as John Updike described
it. But what was it? Twenty years after Lorenz, Smale, and other
scientists set in motion a new way of understanding nature’s flows,
the other-worldly weather of Jupiter proved to be one of the many
problems awaiting the altered sense of nature’s possibilities that
came with the science of chaos.

For three centuries it had been a case of the more you know,
the less you know. Astronomers noticed a blemish on the great
planet not long after Galileo first pointed his telescopes at Jupiter.
Robert Hooke saw it in the 1600s. Donati Creti painted it in the
Vatican’s picture gallery. As a piece of coloration, the spot called
for little explaining. But telescopes got better, and knowledge bred
ignorance. The last century produced a steady march of theories,
one on the heels of another. For example:

The Lava Flow Theory. Scientists in the late nineteenth cen-
tury imagined a huge oval lake of molten lava flowing out of a
volcano. Or perhaps the lava had flowed out of a hole created by
a planetoid striking a thin solid crust.

The New Moon Theory. A German scientist suggested, by
contrast, that the spot was a new moon on the point of emerging
from the planet’s surface.

The Egg Theory. An awkward new fact: the spot was seen to
be drifting slightly against the planet’s background. So a notion
put forward in 1939 viewed the spot as a more or less solid body
floating in the atmosphere the way an egg floats in water. Varia-
tions of this theory—including the notion of a drifting bubble of
hydrogen or helium—remained current for decades.

The Column-of-Gas Theory. Another new fact: even though
the spot drifted, somehow it never drifted far. So scientists pro-
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posed in the sixties that the spot was the top of a rising column
of gas, possibly coming through a crater.

Then came Voyager. Most astronomers thought the mystery
would give way as soon as they could look closely enough, and
indeed, the Voyager fly-by provided a splendid album of new data,
but the data, in the end, was not enough. The spacecraft pictures
in 1978 revealed powerful winds and colorful eddies. In spectac-
ular detail, astronomers saw the spot itself as a hurricane-like
system of swirling flow, shoving aside the clouds, embedded in
zones of east-west wind that made horizontal stripes around the
planet. Hurricane was the best description anyone could think of,
but for several reasons it was inadequate. Earthly hurricanes are
powered by the heat released when moisture condenses to rain;
no moist processes drive the Red Spot. Hurricanes rotate in a
cyclonic direction, counterclockwise above the Equator and clock-
wise below, like all earthly storms; the Red Spot’s rotation is
anticyclonic. And most important, hurricanes die out within days.

Also, as astronomers studied the Voyager pictures, they
realized that the planet was virtually all fluid in motion. They had
been conditioned to look for a solid planet surrounded by a paper-
thin atmosphere like earth’s, but if Jupiter had a solid core any-
where, it was far from the surface. The planet suddenly looked
like one big fluid dynamics experiment, and there sat the Red
Spot, turning steadily around and around, thoroughly unper-
turbed by the chaos around it.

The spot became a gestalt test. Scientists saw what their in-
tuitions allowed them to see. A fluid dynamicist who thought of
turbulence as random and noisy had no context for understanding
an island of stability in its midst. Voyager had made the mystery
doubly maddening by showing small-scale features of the flow,
too small to be seen by the most powerful earthbound telescopes.
The small scales displayed rapid disorganization, eddies appear-
ing and disappearing within a day or less. Yet the spot was im-
mune. What kept it going? What kept it in place?

The National Aeronautics and Space Administration keeps
its pictures in archives, a half-dozen or so around the country.
One archive is at Cornell University. Nearby, in the early 1980s,
Philip Marcus, a young astronomer and applied mathematician,
had an office. After Voyager, Marcus was one of a half-dozen
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scientists in the United States and Britain who looked for ways
to model the Red Spot. Freed from the ersatz hurricane theory,
they found more appropriate analogues elsewhere. The Gulf Stream,
for example, winding through the western Atlantic Ocean, twists
and branches in subtly reminiscent ways. It develops little waves,
which turn into kinks, which turn into rings and spin off from
the main current—forming slow, long-lasting, anticyclonic vor-
tices. Another parallel came from a peculiar phenomenon in me-
teorology known as blocking. Sometimes a system of high pressure
sits offshore, slowly turning, for weeks or months, in defiance of
the usual east-west flow. Blocking disrupted the global forecasting
models, but it also gave the forecasters some hope, since it pro-
duced orderly features with unusual longevity.

Marcus studied those NASA pictures for hours, the gorgeous
Hasselblad pictures of men on the moon and the pictures of Ju-
piter’s turbulence. Since Newton’s laws apply everywhere, Mar-
cus programmed a computer with a system of fluid equations. To
capture Jovian weather meant writing rules for a mass of dense
hydrogen and helium, resembling an unlit star. The planet spins
fast, each day flashing by in ten earth hours. The spin produces
a strong Coriolis force, the sidelong force that shoves against a
person walking across a merry-go-round, and the Coriolis force
drives the spot.

Where Lorenz used his tiny model of the earth’s weather to
print crude lines on rolled paper, Marcus used far greater com-
puter power to assemble striking color images. First he made con-
tour plots. He could barely see what was going on. Then he made
slides, and then he assembled the images into an animated movie.
It was a revelation. In brilliant blues, reds, and yellows, a check-
erboard pattern of rotating vortices coalesces into an oval with an
uncanny resemblance to the Great Red Spot in NASA’s animated
film of the real thing. “You see this large-scale spot, happy as a
clam amid the small-scale chaotic flow, and the chaotic flow is
soaking up energy like a sponge,” he said. “You see these little
tiny filamentary structures in a background sea of chaos.”

The spot is a self-organizing system, created and regulated by
the same nonlinear twists that create the unpredictable turmoil
around it. It is stable chaos.

As a graduate student, Marcus had learned standard physics,



56 CHAOS

solving linear equations, performing experiments designed to match
linear analysis. It was a sheltered existence, but after all, nonlinear
equations defy solution, so why waste a graduate student’s time?
Gratification was programmed into his training. As long as he kept
the experiments within certain bounds, the linear approximations
would suffice and he would be rewarded with the expected an-
swer. Once in a while, inevitably, the real world would intrude,
and Marcus would see what he realized years later had been the
signs of chaos. He would stop and say, “Gee, what about this little
fluff here.” And he would be told, “Oh, it’s experimental error,
don’t worry about it.”

But unlike most physicists, Marcus eventually learned Lor-
enz’s lesson, that a deterministic system can produce much more
than just periodic behavior. He knew to look for wild disorder,
and he knew that islands of structure could appear within the
disorder. So he brought to the problem of the Great Red Spot an
understanding that a complex system can give rise to turbulence
and coherence at the same time. He could work within an emerging
discipline that was creating its own tradition of using the com-
puter as an experimental tool. And he was willing to think of
himself as a new kind of scientist: not primarily an astronomer,
not a fluid dynamicist, not an applied mathematician, but a spe-
cialist in chaos.



Life’s Ups
and Downs

The result of a mathematical development should be

continuously checked against one’s own intuition

about what constitutes reasonable biological

behavior. When such a check reveals disagreement,

then the following possibilities must be considered:

a. A mistake has been made in the formal
mathematical development;

b. The starting assumptions are incorrect and/or
constitute a too drastic oversimplification;

c. One’s own intuition about the biological field is
inadequately developed;

d. A penetrating new principle has been discovered.

—HARVEY J. GOLD,
Mathematical Modeling
of Biological Systems



RAVENOUS FISH AND TASTY plankton. Rain forests dripping
with nameless reptiles, birds gliding under canopies of leaves,
insects buzzing like electrons in an accelerator. Frost belts where
voles and lemmings flourish and diminish with tidy four-year
periodicity in the face of nature’s bloody combat. The world makes
a messy laboratory for ecologists, a cauldron of five million in-
teracting species. Or is it fifty million? Ecologists do not actually
know.

Mathematically inclined biologists of the twentieth century
built a discipline, ecology, that stripped away the noise and color
of real life and treated populations as dynamical systems. Ecol-
ogists used the elementary tools of mathematical physics to de-
scribe life’s ebbs and flows. Single species multiplying in a place
where food is limited, several species competing for existence,
epidemics spreading through host populations—all could be iso-
lated, if not in laboratories then certainly in the minds of biological
theorists.

In the emergence of chaos as a new science in the 1970s,
ecologists were destined to play a special role. They used math-
ematical models, but they always knew that the models were thin
approximations of the seething real world. In a perverse way, their
awareness of the limitations allowed them to see the importance
of some ideas that mathematicians had considered interesting odd-
ities. If regular equations could produce irregular behavior—to an
ecologist, that rang certain bells. The equations applied to pop-
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ulation biology were elementary counterparts of the models used
by physicists for their pieces of the universe. Yet the complexity
of the real phenomena studied in the life sciences outstripped
anything to be found in a physicist’s laboratory. Biologists’ math-
ematical models tended to be caricatures of reality, as did the
models of economists, demographers, psychologists, and urban
planners, when those soft sciences tried to bring rigor to their
study of systems changing over time. The standards were different.
To a physicist, a system of equations like Lorenz’s was so simple
it seemed virtually transparent. To a biologist, even Lorenz’s equa-
tions seemed forbiddingly complex—three-dimensional, contin-
uously variable, and analytically intractable.

Necessity created a different style of working for biologists.
The matching of mathematical descriptions to real systems had
to proceed in a different direction. A physicist, looking at a par-
ticular system (say, two pendulums coupled by a spring), begins
by choosing the appropriate equations. Preferably, he looks them
up in a handbook; failing that, he finds the right equations from
first principles. He knows how pendulums work, and he knows
about springs. Then he solves the equations, if he can. A biologist,
by contrast, could never simply deduce the proper equations by
just thinking about a particular animal population. He would have
to gather data and try to find equations that produced similar
output. What happens if you put one thousand fish in a pond with
a limited food supply? What happens if you add fifty sharks that
like to eat two fish per day? What happens to a virus that kills at
acertain rate and spreads at a certain rate depending on population
density? Scientists idealized these questions so that they could
apply crisp formulas.

Often it worked. Population biology learned quite a bit about
the history of life, how predators interact with their prey, how a
change in a country’s population density affects the spread of
disease. If a certain mathematical model surged ahead, or reached
equilibrium, or died out, ecologists could guess something about
the circumstances in which a real population or epidemic would
do the same.

One helpful simplification was to model the world in terms
of discrete time intervals, like a watch hand that jerks forward
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second by second instead of gliding continuously. Differential
equations describe processes that change smoothly over time, but
differential equations are hard to compute. Simpler equations—
“difference equations’’—can be used for processes that jump from
state to state. Fortunately, many animal populations do what they
do in neat one-year intervals. Changes year to year are often more
important than changes on a continuum. Unlike people, many
insects, for example, stick to a single breeding season, so their
generations do not overlap. To guess next spring’s gypsy moth
population or next winter’s measles epidemic, an ecologist might
only need to know the corresponding figure for this year. A year-
by-year facsimile produces no more than a shadow of a system’s
intricacies, but in many real applications the shadow gives all the
information a scientist needs.

The mathematics of ecology is to the mathematics of Steve
Smale what the Ten Commandments are to the Talmud: a good
set of working rules, but nothing too complicated. To describe a
population changing each year, a biologist uses a formalism that
a high school student can follow easily. Suppose next year’s pop-
ulation of gypsy moths will depend entirely on this year’s pop-
ulation. You could imagine a table listing all the specific
possibilities—31,000 gypsy moths this year means 35,000 next
year, and so forth. Or you could capture the relationship between
all the numbers for this year and all the numbers for next year as
a rule—a function. The population (x} next year is a function (F)
of the population this year: X,..=F(x}. Any particular function
can be drawn on a graph, instantly giving a sense of its overall
shape.

In a simple model like this one, following a population through
time is a matter of taking a starting figure and applying the same
function again and again. To get the population for a third year,
you just apply the function to the result for the second year, and
so on. The whole history of the population becomes available
through this process of functional iteration—a feedback loop, each
year’s output serving as the next year’s input. Feedback can get
out of hand, as it does when sound from a loudspeaker feeds back
through a microphone and is rapidly amplified to an unbearable
shriek. Or feedback can produce stability, as a thermostat does in
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regulating the temperature of a house: any temperature above a
fixed point leads to cooling, and any temperature below it leads
to heating.

Many different types of functions are possible. A naive ap-
proach to population biology might suggest a function that in-
creases the population by a certain percentage each year. That
would be a linear function—x,,,, = rx—and it would be the classic
Malthusian scheme for population growth, unlimited by food sup-
ply or moral restraint. The parameter r represents the rate of pop-
ulation growth. Say it is 1.1; then if this year’s population is 10,
next year’s is 11. If the input is 20,000, the output is 22,000. The
population rises higher and higher, like money left forever in a
compound-interest savings account.

Ecologists realized generations ago that they would have to
do better. An ecologist imagining real fish in a real pond had to
find a function that matched the crude realities of life—for ex-
ample, the reality of hunger, or competition. When the fish pro-
liferate, they start to run out of food. A small fish population will
grow rapidly. An overly large fish population will dwindle. Or
take Japanese beetles. Every August 1 you go out to your garden
and count the beetles. For simplicity’s sake, you ignore birds,
ignore beetle diseases, and consider only the fixed food supply.
A few beetles will multiply; many will eat the whole garden and
starve themselves.

In the Malthusian scenario of unrestrained growth, the linear
growth function rises forever upward. For a more realistic sce-
nario, an ecologist needs an equation with some extra term that
restrains growth when the population becomes large. The most
natural function to choose would rise steeply when the population
is small, reduce growth to near zero at intermediate values, and
crash downward when the population is very large. By repeating
the process, an ecologist can watch a population settle into its
long-term behavior—presumably reaching some steady state. A
successful foray into mathematics for an ecologist would let him
say something like this: Here’s an equation; here’s a variable rep-
resenting reproductive rate; here’s a variable representing the nat-
ural death rate; here’s a variable representing the additional death
rate from starvation or predation; and look—the population will
rise at this speed until it reaches that level of equilibrium.
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How do you find such a function? Many different equations
might work, and possibly the simplest is a modification of the
linear, Malthusian version: x,,, =rx(1 — x). Again, the parameter
r represents a rate of growth that can be set higher or lower. The
new term, 1 —x, keeps the growth within bounds, since as x rises,
1—x falls.* Anyone with a calculator could pick some starting
value, pick some growth rate, and carry out the arithmetic to derive
next year’s population.

By the 1950s several ecologists were looking at variations of
that particular equation, known as the logistic difference equation.
In Australia, for example, W. E. Ricker applied it to real fisheries.
Ecologists understood that the growth-rate parameter r repre-
sented an important feature of the model. In the physical systems
from which these equations were borrowed, that parameter cor-
responded to the amount of heating, or the amount of friction, or
the amount of some other messy quantity. In short, the amount of
nonlinearity. In a pond, it might correspond to the fecundity of
the fish, the propensity of the population not just to boom but also
to bust (“biotic potential” was the dignified term). The question
was, how did these different parameters affect the ultimate destiny
of a changing population? The obvious answer is that a lower
parameter will cause this idealized population to end up at a lower
level. A higher parameter will lead to a higher steady state. This
turns out to be correct for many parameters—but not all. Occa-
sionally, researchers like Ricker surely tried parameters that were

*For convenience, in this highly abstract model, “population” is expressed as
a fraction between zero and one, zero representing extinction, one representing
the greatest conceivable population of the pond.

So begin: Choose an arbitrary value for r, say, 2.7, and a starting population
of .02, One minus .02 is .98. Multiply by 0.02 and you get .0196. Multiply that by
2.7 and you get .0529. The very small starting population has more than doubled.
Repeat the process, using the new population as the seed, and you get .1353. With
a cheap programmable calculator, this iteration is just a matter of pushing one
button over and over again. The population rises to .3159, then .5833, then .6562—
the rate of increase is slowing. Then, as starvation overtakes reproduction, .6092.
Then .6428, then .6199, then .6362, then .6249. The numbers seem to be bouncing
back and forth, but closing in on a fixed number: .6328, .6273, .6312, .6285, .6304,
.6291, .6300, .6294, .6299, .6295, .6297, 6296, .6297, .6296, .6296, .6296, .6296,
6296, .6296, .6296. Success!

In the days of pencil-and-paper arithmetic, and in the days of mechanical add-
ing machines with hand cranks, numerical exploration never went much further.
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Adolph E. Brotman

A population reaches equilibrium after rising, overshooting, and falling
back.

even higher, and when they did, they must have seen chaos.

Oddly, the flow of numbers begins to misbehave, quite a nuis-
ance for anyone calculating with a hand crank. The numbers still
do not grow without limit, of course, but they do not converge to
a steady level, either. Apparently, though, none of these early
ecologists had the inclination or the strength to keep churning out
numbers that refused to settle down. Anyway, if the population
kept bouncing back and forth, ecologists assumed that it was os-
cillating around some underlying equilibrium. The equilibrium
was the important thing. It did not occur to the ecologists that
there might be no equilibrium.

Reference books and textbooks that dealt with the logistic
equation and its more complicated cousins generally did not even
acknowledge that chaotic behavior could be expected. . Maynard
Smith, in the classic 1968 Mathematical Ideas in Biology, gave a
standard sense of the possibilities: populations often remain ap-
proximately constant or else fluctuate “with a rather regular pe-
riodicity” around a presumed equilibrium point. It wasn’t that he
was so naive as to imagine that real populations could never be-
have erratically. He simply assumed that erratic behavior had
nothing to do with the sort of mathematical models he was de-
scribing. In any case, biologists had to keep these models at arm’s
length. If the models started to betray their makers’ knowledge of
the real population’s behavior, some missing feature could always
explain the discrepancy: the distribution of ages in the population,
some consideration of territory or geography, or the complication
of having to count two sexes.
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Most important, in the back of ecologists’ minds was always
the assumption that an erratic string of numbers probably meant
that the calculator was acting up, or just lacked accuracy. The
stable solutions were the interesting ones. Order was its own re-
ward. This business of finding appropriate equations and working
out the computation was hard, after all. No one wanted to waste
time on a line of work that was going awry, producing no stability.
And no good ecologist ever forgot that his equations were vastly
oversimplified versions of the real phenomena. The whole point
of oversimplifying was to model regularity. Why go to all that
trouble just to see chaos?

LATER, PEOPLE WOULD SAY that James Yorke had discovered
Lorenz and given the science of chaos its name. The second part
was actually true.

Yorke was a mathematician who liked to think of himself as
a philosopher, though this was professionally dangerous to admit.
He was brilliant and soft-spoken, a mildly disheveled admirer of
the mildly disheveled Steve Smale. Like everyone else, he found
Smale hard to fathom. But unlike most people, he understood why
Smale was hard to fathom. When he was just twenty-two years
old, Yorke joined an interdisciplinary institute at the University
of Maryland called the Institute for Physical Science and Tech-
nology, which he later headed. He was the kind of mathematician
who felt compelled to put his ideas of reality to some use. He
produced a report on how gonorrhea spreads that persuaded the
federal government to alter its national strategies for controlling
the disease. He gave official testimony to the State of Maryland
during the 1970s gasoline crisis, arguing correctly (but unper-
suasively) that the even-odd system of limiting gasoline sales would
only make lines longer. In the era of antiwar demonstrations, when
the government released a spy-plane photograph purporting to
show sparse crowds around the Washington Monument at the
height of a rally, he analyzed the monument’s shadow to prove
that the photograph had actually been taken a half-hour later,
when the rally was breaking up.

At the institute, Yorke enjoyed an unusual freedom to work
on problems outside traditional domains, and he enjoyed frequent
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contact with experts in a wide range of disciplines. One of these
experts, a fluid dynamicist, had come across Lorenz’s 1963 paper
“Deterministic Nonperiodic Flow” in 1972 and had fallen in love
with it, handing out copies to anyone who would take one. He
handed one to Yorke.

Lorenz’s paper was a piece of magic that Yorke had been
looking for without even knowing it. It was a mathematical shock,
to begin with—a chaotic system that violated Smale’s original
optimistic classification scheme. But it was not just mathematics;
it was a vivid physical model, a picture of a fluid in motion, and
Yorke knew instantly that it was a thing he wanted physicists to
see. Smale had steered mathematics in the direction of such phys-
ical problems, but, as Yorke well understood, the language of
mathematics remained a serious barrier to communication. If only
the academic world had room for hybrid mathematician/physi-
cists—but it did not. Even though Smale’s work on dynamical
systems had begun to close the gap, mathematicians continued to
speak one language, physicists another. As the physicist Murray
Gell-Mann once remarked: “Faculty members are familiar with a
certain kind of person who looks to the mathematicians like a
good physicist and looks to the physicists like a good mathema-
tician. Very properly, they do not want that kind of person around.”
The standards of the two professions were different. Mathemati-
cians proved theorems by ratiocination; physicists’ proofs used
heavier equipment. The objects that made up their worlds were
different. Their examples were different.

Smale could be happy with an example like this: take a num-
ber, a fraction between zero and one, and double it. Then drop
the integer part, the part to the left of the decimal point. Then
repeat the process. Since most numbers are irrational and unpre-
dictable in their fine detail, the process will just produce an un-
predictable sequence of numbers. A physicist would see nothing
there but a trite mathematical oddity, utterly meaningless, too
simple and too abstract to be of use. Smale, though, knew intui-
tively that this mathematical trick would appear in the essence of
many physical systems.

To a physicist, a legitimate example was a differential equa-
tion that could be written down in simple form. When Yorke saw
Lorenz’s paper, even though it was buried in a meteorology jour-
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nal, he knew it was an example that physicists would understand.
He gave a copy to Smale, with his address label pasted on so that
Smale would return it. Smale was amazed to see that this mete-
orologist—ten years earlier—had discovered a kind of chaos that
Smale himself had once considered mathematically impossible.
He made many photocopies of “Deterministic Nonperiodic Flow,”
and thus arose the legend that Yorke had discovered Lorenz. Every
copy of the paper that ever appeared in Berkeley had Yorke’s
address label on it.

Yorke felt that physicists had learned not to see chaos. In
daily life, the Lorenzian quality of sensitive dependence on initial
conditions lurks everywhere. A man leaves the house in the morn-
ing thirty seconds late, a flowerpot misses his head by a few mil-
limeters, and then he is run over by a truck. Or, less dramatically,
he misses a bus that runs every ten minutes—his connection to
a train that runs every hour. Small perturbations in one’s daily
trajectory can have large consequences. A batter facing a pitched
ball knows that approximately the same swing will not give ap-
proximately the same result, baseball being a game of inches.
Science, though—science was different.

Pedagogically speaking, a good share of physics and mathe-
matics was—and is—writing differential equations on a black-
board and showing students how to solve them. Differential
equations represent reality as a continuum, changing smoothly
from place to place and from time to time, not broken in discrete
grid points or time steps. As every science student knows, solving
differential equations is hard. But in two and a half centuries,
scientists have built up a tremendous body of knowledge about
them: handbooks and catalogues of differential equations, along
with various methods for solving them, or “finding a closed-form
integral,” as a scientist will say. It is no exaggeration to say that
the vast business of calculus made possible most of the practical
triumphs of post-medieval science; nor to say that it stands as one
of the most ingenious creations of humans trying to model the
changeable world around them. So by the time a scientist masters
this way of thinking about nature, becoming comfortable with the
theory and the hard, hard practice, he is likely to have lost sight
of one fact. Most differential equations cannot be solved at all.

“If you could write down the solution to a differential equa-
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tion,” Yorke said, “then necessarily it’s not chaotic, because to
write it down, you must find regular invariants, things that are
conserved, like angular momentum. You find enough of these
things, and that lets you write down a solution. But this is exactly
the way to eliminate the possibility of chaos.”

The solvable systems are the ones shown in textbooks. They
behave. Confronted with a nonlinear system, scientists would have
to substitute linear approximations or find some other uncertain
backdoor approach. Textbooks showed students only the rare non-
linear systems that would give way to such techniques. They did
not display sensitive dependence on initial conditions. Nonlinear
systems with real chaos were rarely taught and rarely learned.
When people stumbled across such things—and people did—all
their training argued for dismissing them as aberrations. Only a
few were able to remember that the solvable, orderly, linear sys-
tems were the aberrations. Only a few, that is, understood how
nonlinear nature is in its soul. Enrico Fermi once exclaimed, “It
does not say in the Bible that all laws of nature are expressible
linearly!” The mathematician Stanislaw Ulam remarked that to
call the study of chaos “nonlinear science” was like calling zo-
ology “the study of nonelephant animals.”

Yorke understood. “The first message is that there is disorder.
Physicists and mathematicians want to discover regularities. Peo-
ple say, what use is disorder. But people have to know about
disorder if they are going to deal with it. The auto mechanic who
doesn’t know about sludge in valves is not a good mechanic.”
Scientists and nonscientists alike, Yorke believed, can easily mis-
lead themselves about complexity if they are not properly attuned
to it. Why do investors insist on the existence of cycles in gold
and silver prices? Because periodicity is the most complicated
orderly behavior they can imagine. When they see a complicated
pattern of prices, they look for some periodicity wrapped in a little
random noise. And scientific experimenters, in physics or chem-
istry or biology, are no different. “In the past, people have seen
chaotic behavior in innumerable circumstances,” Yorke said.
“They’re running a physical experiment, and the experiment be-
haves in an erratic manner. They try to fix it or they give up. They
explain the erratic behavior by saying there’s noise, or just that
the experiment is bad.”
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Yorke decided there was a message in the work of Lorenz and
Smale that physicists were not hearing. So he wrote a paper for
the most broadly distributed journal he thought he could publish
in, the American Mathematical Monthly. (As a mathematician, he
found himself helpless to phrase ideas in a form that physics
journals would find acceptable; it was only years later that he hit
upon the trick of collaborating with physicists.) Yorke’s paper was
important on its merits, but in the end its most influential feature
was its mysterious and mischievous title: “Period Three Implies
Chaos.” His colleagues advised him to choose something more
sober, but Yorke stuck with a word that came to stand for the
whole growing business of deterministic disorder. He also talked
to his friend Robert May, a biologist.

MAY CAME TO BIOLOGY through the back door, as it happened.
He started as a theoretical physicist in his native Sydney, Aus-
tralia, the son of a brilliant barrister, and he did postdoctoral work
in applied mathematics at Harvard. In 1971, he went for a year to
the Institute for Advanced Study in Princeton; instead of doing
the work he was supposed to be doing, he found himself drifting
over to Princeton University to talk to the biologists there.

Even now, biologists tend not to have much mathematics
beyond calculus. People who like mathematics and have an ap-
titude for it tend more toward mathematics or physics than the
life sciences. May was an exception. His interests at first tended
toward the abstract problems of stability and complexity, math-
ematical explanations of what enables competitors to coexist. But
he soon began to focus on the simplest ecological questions of
how single populations behave over time. The inevitably simple
models seemed less of a compromise. By the time he joined the
Princeton faculty for gopod—eventually he would become the uni-
versity’s dean for research—he had already spent many hours
studying a version of the logistic difference equation, using math-
ematical analysis and also a primitive hand calculator.

Once, in fact, on a corridor blackboard back in Sydney, he
wrote the equation out as a problem for the graduate students. It
was starting to annoy him, “What the Christ happens when lambda
gets bigger than the point of accumulation?” What happened, that
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is, when a population’s rate of growth, its tendency toward boom
and bust, passed a critical point. By trying different values of this
nonlinear parameter, May found that he could dramatically change
the system’s character. Raising the parameter meant raising the
degree of nonlinearity, and that changed not just the quantity of
the outcome, but also its quality. It affected not just the final
population at equilibrium, but also whether the population would
reach equilibrium at all.

When the parameter was low, May’s simple model settled on
a steady state. When the parameter was high, the steady state
would break apart, and the population would oscillate between
two alternating values. When the parameter was very high, the
system—the very same system—seemed to behave unpredictably.
Why? What exactly happened at the boundaries between the dif-
ferent kinds of behavior? May couldn’t figure it out. (Nor could
the graduate students.)

May carried out a program of intense numerical exploration
into the behavior of this simplest of equations. His program was
analogous to Smale’s: he was trying to understand this one simple
equation all at once, not locally but globally. The equation was
far simpler than anything Smale had studied. It seemed incredible
that its possibilities for creating order and disorder had not been
exhausted long since. But they had not. Indeed, May’s program
was just a beginning. He investigated hundreds of different values
of the parameter, setting the feedback loop in motion and watching
to see where—and whether—the string of numbers would settle
down to a fixed point. He focused more and more closely on the
critical boundary between steadiness and oscillation. It was as if
he had his own fish pond, where he could wield fine mastery over
the “boom-and-bustiness’’ of the fish. Still using the logistic equa-
tion, X, =rx(1—x), May increased the parameter as slowly as he
could. If the parameter was 2.7, then the population would be
6292, As the parameter rose, the final population rose slightly,
too, making a line that rose slightly as it moved from left to right
on the graph.

Suddenly, though, as the parameter passed 3, the line broke
in two. May’s imaginary fish population refused to settle down to
a single value, but oscillated between two points in alternating
years. Starting at a low number, the population would rise and
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PERIOD-DOUBLINGS AND CHAOS. Instead of using individual diagrams to
show the behavior of populations with different degrees of fertility, Robert
May and other scientists used a “bifurcation diagram’ to assemble all
the information into a single picture.

The diagram shows how changes in one parameter—in this case, a
wildlife population’s “boom-and-bustiness”’—would change the ultimate
behavior of this simple system. Values of the parameter are represented
from left to right; the final population is plotted on the vertical axis. In
a sense, turning up the parameter value means driving a system harder,
increasing its nonlinearity.

Where the parameter is low (left), the population becomes extinct.
As the parameter rises (center), so does the equilibrium level of the pop-
ulation. Then, as the parameter rises further, the equilibrium splits in
two, just as turning up the heat in a convecting fluid causes an instability
to set in; the population begins to alternate between two different levels.
The splittings, or bifurcations, come faster and faster. Then the system
turns chaotic (right), and the population visits infinitely many different
values. (For a blowup of the chaotic region, see pages 74-75.)
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then fluctuate until it was steadily flipping back and forth. Turning
up the knob a bit more—raising the parameter a bit more—would
split the oscillation again, producing a string of numbers that
settled down to four different values, each returning every fourth
year.* Now the population rose and fell on a regular four-year
schedule. The cycle had doubled again—first from yearly to every
two years, and now to four. Once again, the resulting cyclical
behavior was stable; different starting values for the population
would converge on the same four-year cycle.

As Lorenz had discovered a decade before, the only way to
make sense of such numbers and preserve one’s eyesight is to
create a graph. May drew a sketchy outline meant to sum up all
the knowledge about the behavior of such a system at different
parameters. The level of the parameter was plotted horizontally,
increasing from left to right. The population was represented ver-
tically. For each parameter, May plotted a point representing the
final outcome, after the system reached equilibrium. At the left,
where the parameter was low, this outcome would just be a point,
so different parameters produced a line rising slightly from left to
right. When the parameter passed the first critical point, May
would have to plot two populations: the line would split in two,
making a sideways Y or a pitchfork. This split corresponded to a
population going from a one-year cycle to a two-year cycle.

As the parameter rose further, the number of points doubled
again, then again, then again. It was dumbfounding—such com-
plex behavior, and yet so tantalizingly regular. ‘“The snake in the
mathematical grass” was how May put it. The doublings them-
selves were bifurcations, and each bifurcation meant that the pat-
tern of repetition was breaking down a step further. A population
that had been stable would alternate between different levels every
other year. A population that had been alternating on a two-year

*With a parameter of 3.5, say, and a starting value of 4, he would see a
string of numbers like this: .4000, .8400, .4704, .8719,
.3908, .8332, .4862, .8743,
.3846, .8284, .4976, .8750,
.3829, .8270, .4976, .8750,
3829, .8270, .5008, .8750,
.3828, .8269, .5009, .8750,
.3828, .8269, .5009, .8750, etc.
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cycle would now vary on the third and fourth years, thus switching
to period four.

These bifurcations would come faster and faster—4, 8, 16,
32 ... —and suddenly break off. Beyond a certain point, the “point
of accumulation,” periodicity gives way to chaos, fluctuations that
never settle down at all. Whole regions of the graph are completely
blacked in. If you were following an animal population governed
by this simplest of nonlinear equations, you would think the changes
from year to year were absolutely random, as though blown about
by environmental noise. Yet in the middle of this complexity,
stable cycles suddenly return. Even though the parameter is rising,
meaning that the nonlinearity is driving the system harder and
harder, a window will suddenly appear with a regular period: an
odd period, like 3 or 7. The pattern of changing population repeats
itself on a three-year or seven-year cycle. Then the period-doubling
bifurcations begin all over at a faster rate, rapidly passing through
cycles of 3, 6,12 ...0r 7, 14, 28 . . ., and then breaking off once
again to renewed chaos.

At first, May could not see this whole picture. But the frag-
ments he could calculate were unsettling enough. In a real-world
system, an observer would see just the vertical slice corresponding
to one parameter at a time. He would see only one kind of be-
havior—possibly a steady state, possibly a seven-year cycle, pos-
sibly apparent randomness. He would have no way of knowing
that the same system, with some slight change in some parameter,
could display patterns of a completely different kind.

James Yorke analyzed this behavior with mathematical rigor
in his “Period Three Implies Chaos” paper. He proved that in any
one-dimensional system, if a regular cycle of period three ever
appears, then the same system will also display regular cycles of
every other length, as well as completely chaotic cycles. This was
the discovery that came as an “electric shock” to physicists like
Freeman Dyson. It was so contrary to intuition. You would think
it would be trivial to set up a system that would repeat itself in
a period-three oscillation without ever producing chaos. Yorke
showed that it was impossible.

Startling though it was, Yorke believed that the public rela-
tions value of his paper outweighed the mathematical substance.
That was partly true. A few years later, attending an international
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WINDOWS OF ORDER INSIDE CHAOS. Even with the simplest equation, the
region of chaos in a bifurcation diagram proves to have an intricate struc-
ture—far more orderly than Robert May could guess at first. First, the
bifurcations produce periods of 2, 4, 8, 16. . .. Then chaos begins, with
no regular periods. But then, as the system is driven harder, windows
appear with odd periods. A stable period 3 appears (blowup, top right),
and then the period-doubling begins again: 6, 12, 24. ... The structure
is infinitely deep. When portions are magnified (such as the middle piece
of the period 3 window, bottom right), they turn out to resemble the
whole diagram.
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conference in East Berlin, he took some time out for sightseeing
and went for a boat ride on the Spree. Suddenly he was approached
by a Russian trying urgently to communicate something. With the
help of a Polish friend, Yorke finally understood that the Russian
was claiming to have proved the same result. The Russian refused
to give details, saying only that he would send his paper. Four
months later it arrived. A. N. Sarkovskii had indeed been there
first, in a paper titled ““Coexistence of Cycles of a Continuous Map
of a Line into Itself.” But Yorke had offered more than a mathe-
matical result. He had sent a message to physicists: Chaos is ubig-
uitous; it is stable; it is structured. He also gave reason to believe
that complicated systems, traditionally modeled by hard contin-
uous differential equations, could be understood in terms of easy
discrete maps.

The sightseeing encounter between these frustrated, gesti-
culating mathematicians was a symptom of a continuing com-
munications gap between Soviet and Western science. Partly because
of language, partly because of restricted travel on the Soviet side,
sophisticated Western scientists have often repeated work that
already existed in the Soviet literature. The blossoming of chaos
in the United States and Europe has inspired a huge body of
parallel work in the Soviet Union; on the other hand, it also in-
spired considerable bewilderment, because much of the new sci-
ence was not so new in Moscow. Soviet mathematicians and
physicists had a strong tradition in chaos research, dating back to
the work of A. N. Kolmogorov in the fifties. Furthermore, they had
a tradition of working together that had survived the divergence
of mathematics and physics elsewhere.

Thus Soviet scientists were receptive to Smale—his horse-
shoe created a considerable stir in the sixties. A brilliant mathe-
matical physicist, Yasha Sinai, quickly translated similar systems
into thermodynamic terms. Similarly, when Lorenz’s work finally
reached Western physics in the seventies, it simultaneously spread
in the Soviet Union. And in 1975, as Yorke and May struggled to
capture the attention of their colleagues, Sinai and others rapidly
assembled a powerful working group of physicists centered in
Gorki. In recent years, some Western chaos experts have made a
point of traveling regularly to the Soviet Union to stay current;
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most, however, have had to content themselves with the Western
version of their science.

In the West, Yorke and May were the first to feel the full shock
of period-doubling and to pass the shock along to the community
of scientists. The few mathematicians who had noted the phe-
nomenon treated it as a technical matter, a numerical oddity:
almost a kind of game playing. Not that they considered it trivial.
But they considered it a thing of their special universe.

Biologists had overlooked bifurcations on the way to chaos
because they lacked mathematical sophistication and because they
lacked the motivation to explore disorderly behavior. Mathema-
ticians had seen bifurcations but had moved on. May, a man with
one foot in each world, understood that he was entering a domain
that was astonishing and profound.

To SEE DEEPER INTO this simplest of systems, scientists needed
greater computing power. Frank Hoppensteadt, at New York Uni-
versity’s Courant Institute of Mathematical Sciences, had so pow-
erful a computer that he decided to make a movie.

Hoppensteadt, a mathematician who later developed a strong
interest in biological problems, fed the logistic nonlinear equation
through his Control Data 6600 hundreds of millions of times. He
took pictures from the computer’s display screen at each of a
thousand different values of the parameter, a thousand different
tunings. The bifurcations appeared, then chaos—and then, within
the chaos, the little spikes of order, ephemeral in their instability.
Fleeting bits of periodic behavior. Staring at his own film, Hop-
pensteadt felt as if he were flying through an alien landscape. One
instant it wouldn’t look chaotic at all. The next instant it would
be filled with unpredictable tumult. The feeling of astonishment
was something Hoppensteadt never got over.

May saw Hoppensteadt’s movie. He also began collecting
analogues from other fields, such as genetics, economics, and fluid
dynamics. As a town crier for chaos, he had two advantages over
the pure mathematicians. One was that, for him, the simple equa-
tions could not represent reality perfectly. He knew they were just
metaphors—so he began to wonder how widely the metaphors
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The outline of the bifurcation diagram as May first saw it, before more
powerful computation revealed its rich structure.

could apply. The other was that the revelations of chaos fed di-
rectly into a vehement controversy in his chosen field.

Population biology had long been a magnet for controversy
anyway. There was tension in biology departments, for example,
between molecular biologists and ecologists. The molecular
biologists thought that they did real science, crisp, hard problems,
whereas the work of ecologists was vague. Ecologists believed that
the technical masterpieces of molecular biology were just clever
elaborations of well-defined problems.

Within ecology itself, as May saw it, a central controversy in
the early 1970s dealt with the nature of population change. Ecol-
ogists were divided almost along lines of personality. Some read
the message of the world to be orderly: populations are regulated
and steady—with exceptions. Others read the opposite message:
populations fluctuate erratically—with exceptions. By no coin-
cidence, these opposing camps also divided over the application
of hard mathematics to messy biological questions. Those who
believed that populations were steady argued that they must be
regulated by some deterministic mechanisms. Those who believed
that populations were erratic argued that they must be bounced
around by unpredictable environmental factors, wiping out what-
ever deterministic signal might exist. Either deterministic math-
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ematics produced steady behavior, or random external noise pro-
duced random behavior. That was the choice.

In the context of that debate, chaos brought an astonishing
message: simple deterministic models could produce what looked
like random behavior. The behavior actually had an exquisite fine
structure, yet any piece of it seemed indistinguishable from noise.
The discovery cut through the heart of the controversy.

As May looked at more and more biological systems through
the prism of simple chaotic models, he continued to see results
that violated the standard intuition of practitioners. In epide-
miology, for example, it was well known that epidemics tend to
come in cycles, regular or irregular. Measles, polio, rubella—all
rise and fall in frequency. May realized that the oscillations could
be reproduced by a nonlinear model and he wondered what would
happen if such a system received a sudden kick—a perturbation
of the kind that might correspond to a program of inoculation.
Naive intuition suggests that the system will change smoothly in
the desired direction. But actually, May found, huge oscillations
are likely to begin. Even if the long-term trend was turned solidly
downward, the path to a new equilibrium would be interrupted
by surprising peaks. In fact, in data from real programs, such as
a campaign to wipe out rubella in Britain, doctors had seen os-
cillations just like those predicted by May’s model. Yet any health
official, seeing a sharp short-term rise in rubella or gonorrhea,
would assume that the inoculation program had failed.

Within a few years, the study of chaos gave a strong impetus
to theoretical biology, bringing biologists and physicists into
scholarly partnerships that were inconceivable a few years before.
Ecologists and epidemiologists dug out old data that earlier sci-
entists had discarded as too unwieldy to handle. Deterministic
chaos was found in records of New York City measles epidemics
and in two hundred years of fluctuations of the Canadian lynx
population, as recorded by the trappers of the Hudson’s Bay Com-
pany. Molecular biologists began to see proteins as systems in
motion. Physiologists looked at organs not as static structures but
as complexes of oscillations, some regular and some irregular.

All through science, May knew, specialists had seen and ar-
gued about the complex behavior of systems. Each discipline con-
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sidered its particular brand of chaos to be special unto itself. The
thought inspired despair. Yet what if apparent randomness could
come from simple models? And what if the same simple models
applied to complexity in different fields? May realized that the
astonishing structures he had barely begun to explore had no
intrinsic connection to biology. He wondered how many other
sorts of scientists would be as astonished as he. He set to work
on what he eventually thought of as his “messianic” paper, a
review article in 1976 for Nature.

The world would be a better place, May argued, if every young
student were given a pocket calculator and encouraged to play
with the logistic difference equation. That simple calculation, which
he laid out in fine detail in the Nature article, could counter the
distorted sense of the world’s possibilities that comes from a stan-
dard scientific education. It would change the way people thought
about everything from the theory of business cycles to the prop-
agation of rumors.

Chaos should be taught, he argued. It was time to recognize

that the standard education of a scientist gave the wrong impres-
sion. No matter how elaborate linear mathematics could get, with
its Fourier transforms, its orthogonal functions, its regression tech-
niques, May argued that it inevitably misled scientists about their
overwhelmingly nonlinear world. “The mathematical intuition so
developed ill equips the student to confront the bizarre behaviour
exhibited by the simplest of discrete nonlinear systems,” he
wrote. :
“Not only in research, but also in the everyday world of pol-
itics and economics, we would all be better off if more people
realized that simple nonlinear systems do not necessarily possess
simple dynamical properties.”
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And yet relation appears,
A small relation expanding like the shade
Of a cloud on sand, a shape on the side of a hill.

—WALLACE STEVENS,
“Connoisseur of Chaos”



A PICTURE OF REALITY built up over the years in Benoit Man-
delbrot’s mind. In 1960, it was a ghost of an idea, a faint, unfocused
image. But Mandelbrot recognized it when he saw it, and there it
was on the blackboard in Hendrik Houthakker’s office.

Mandelbrot was a mathematical jack-of-all-trades who had
been adopted and sheltered by the pure research wing of the In-
ternational Business Machines Corporation. He had been dabbling
in economics, studying the distribution of large and small incomes
in an economy. Houthakker, a Harvard economics professor, had
invited Mandelbrot to give a talk, and when the young mathe-
matician arrived at Littauer Center, the stately economics building
just north of Harvard Yard, he was startled to see his findings
already charted on the older man’s blackboard. Mandelbrot made
a querulous joke—how should my diagram have materialized
ahead of my lecture?—but Houthakker didn’t know what Man-
delbrot was talking about. The diagram had nothing to do with
income distribution; it represented eight years of cotton prices.

From Houthakker’s point of view, too, there was something
strange about this chart. Economists generally assumed that the
price of a commodity like cotton danced to two different beats,
one orderly and one random. Over the long term, prices would
be driven steadily by real forces in the economy—the rise and fall
of the New England textile industry, or the opening of interna-
tional trade routes. Over the short term, prices would bounce
around more or less randomly. Unfortunately, Houthakker’s data
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failed to match his expectations. There were too many large jumps.
Most price changes were small, of course, but the ratio of small
changes to large was not as high as he had expected. The distri-
bution did not fall off quickly enough. It had a long tail.

The standard model for plotting variation was and is the bell-
shaped curve. In the middle, where the hump of the bell rises,
most data cluster around the average. On the sides, the low and
high extremes fall off rapidly. A statistician uses a bell-shaped
curve the way an internist uses a stethoscope, as the instrument
of first resort. It represents the standard, so-called Gaussian dis-
tribution of things—or, simply, the normal distribution. It makes
a statement about the nature of randomness. The point is that
when things vary, they try to stay near an average point and they
manage to scatter around the average in a reasonably smooth way.
But as a means of finding paths through the economic wilderness,
the standard notions left something to be desired. As the Nobel
laureate Wassily Leontief put it, “In no field of empirical inquiry
has so massive and sophisticated a statistical machinery been used
with such indifferent results.”

No matter how he plotted them, Houthakker could not make
the changes in cotton prices fit the bell-shaped model. But they
made a picture whose silhouette Mandelbrot was beginning to see
in surprisingly disparate places. Unlike most mathematicians, he
confronted problems by depending on his intuition about patterns
and shapes. He mistrusted analysis, but he trusted his mental
pictures. And he already had the idea that other laws, with dif-
ferent behavior, could govern random, stochastic phenomena. When
he went back to the giant IBM research center in Yorktown Heights,

THE
NORMAL
LAW OF ERROR
STANDS OUT IN THE
EXPERIENCE OF MANKIND
AS ONEK OF THE BROADEST
GENERALIZATIONS OF NATURAL
PHILOSOPHY & IT SERVES AS TNE
GUIDING INSTRUMENT IN RESTARCHES
IN THE PHYSICAL AND 8OCIAL SCIENCES AND
IN MEDICINE AGRICULTURE AND ENGINEERING &
IT IS AN INDISPENSABLE TOOL FOR THE ANALYSIS AND THE
INTERPRETATION OF THE BASIC DATA OBTAINED BY OBSERVATION AND EXPERIMENY

W.J. Youden

THE BELL-SHAPED CURVE.
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New York, in the hills of northern Westchester County, he carried
Houthakker’s cotton data in a box of computer cards. Then he
sent to the Department of Agriculture in Washington for more,
dating back to 1900.

Like scientists in other fields, economists were crossing the
threshold into the computer era, slowly realizing that they would
have the power to collect and organize and manipulate informa-
tion on a scale that had been unimaginable before. Not all kinds
of information were available, though, and information that could
be rounded up still had to be turned into some usable form. The
keypunch era was just beginning, too. In the hard sciences, in-
vestigators found it easier to amass their thousands or millions of
data points. Economists, like biologists, dealt with a world of
willful living beings. Economists studied the most elusive crea-
tures of all.

But at least the economists’ environment produced a constant
supply of numbers. From Mandelbrot’s point of view, cotton prices
made an ideal data source. The records were complete and they
were old, dating back continuously a century or more. Cotton was
a piece of the buying-and-selling universe with a centralized mar-
ket—and therefore centralized record-keeping—because at the turn
of the century all the South’s cotton flowed through the New York
exchange on route to New England, and Liverpool’s prices were
linked to New York'’s as well.

Although economists had little to go on when it came to
analyzing commodity prices or stock prices, that did not mean
they lacked a fundamental viewpoint about how price changes
worked. On the contrary, they shared certain articles of faith. One
was a conviction that small, transient changes had nothing in
common with large, long-term changes. Fast fluctuations come
randomly. The small-scale ups and downs during a day’s trans-
actions are just noise, unpredictable and uninteresting. Long-term
changes, however, are a different species entirely. The broad swings
of prices over months or years or decades are determined by deep
macroeconomic forces, the trends of war or recession, forces that
should in theory give way to understanding. On the one hand, the
buzz of short-term fluctuation; on the other, the signal of long-
term change.

As it happened, that dichotomy had no place in the picture
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of reality that Mandelbrot was developing. Instead of separating
tiny changes from grand ones, his picture bound them together.
He was looking for patterns not at one scale or another, but across
every scale. It was far from obvious how to draw the picture he
had in mind, but he knew there would have to be a kind of sym-
metry, not a symmetry of right and left or top and bottom but
rather a symmetry of large scales and small.

Indeed, when Mandelbrot sifted the cotton-price data through
IBM’s computers, he found the astonishing results he was seeking.
The numbers that produced aberrations from the point of view of
normal distribution produced symmetry from the point of view
of scaling. Each particular price change was random and unpre-
dictable. But the sequence of changes was independent of scale:
curves for daily price changes and monthly price changes matched
perfectly. Incredibly, analyzed Mandelbrot’s way, the degree of
variation had remained constant over a tumultuous sixty-year pe-
riod that saw two World Wars and a depression.

Within the most disorderly reams of data lived an unexpected
kind of order. Given the arbitrariness of the numbers he was ex-
amining, why, Mandelbrot asked himself, should any law hold at
all? And why should it apply equally well to personal incomes
and cotton prices?

In truth, Mandelbrot’s background in economics was as mea-
ger as his ability to communicate with economists. When he pub-
lished an article on his findings, it was preceded by an explanatory
article by one of his students, who repeated Mandelbrot’s material
in economists’ English. Mandelbrot moved on to other interests.
But he took with him a growing determination to explore the
phenomenon of scaling. It seemed to be a quality with a life of its
own—a signature.

INTRODUCED FOR A LECTURE years later (. . . taught economics
at Harvard, engineering at Yale, physiology at the Einstein School
of Medicine . . .”), he remarked proudly: ‘“Very often when I listen
to the list of my previous jobs I wonder if I exist. The intersection
of such sets is surely empty.” Indeed, since his early days at IBM,
Mandelbrot has failed to exist in a long list of different fields. He
was always an outsider, taking an unorthodox approach to an
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unfashionable corner of mathematics, exploring disciplines in which
he was rarely welcomed, hiding his grandest ideas in efforts to
get his papers published, surviving mainly on the confidence of
his employers in Yorktown Heights. He made forays into fields
like economics and then withdrew, leaving behind tantalizing
ideas but rarely well-founded bodies of work.

In the history of chaos, Mandelbrot made his own way. Yet
the picture of reality that was forming in his mind in 1960 evolved
from an oddity into a full-fledged geometry. To the physicists
expanding on the work of people like Lorenz, Smale, Yorke, and
May, this prickly mathematician remained a sideshow—but his
techniques and his language became an inseparable part of their
new science.

The description would not have seemed apt to anyone who
knew him in his later years, with his high imposing brow and his
list of titles and honors, but Benoit Mandelbrot is best understood
as a refugee. He was born in Warsaw in 1924 to a Lithuanian
Jewish family, his father a clothing wholesaler, his mother a den-
tist. Alert to geopolitical reality, the family moved to Paris in 1936,
drawn in part by the presence of Mandelbrot’s uncle, Szolem
Mandelbrojt, a mathematician. When the war came, the family
stayed just ahead of the Nazis once again, abandoning everything
but a few suitcases and joining the stream of refugees who clogged
the roads south from Paris. They finally reached the town of Tulle.

For a while Benoit went around as an apprentice toolmaker,
dangerously conspicuous by his height and his educated back-
ground. It was a time of unforgettable sights and fears, yet later
he recalled little personal hardship, remembering instead the times
he was befriended in Tulle and elsewhere by schoolteachers, some
of them distinguished scholars, themselves stranded by the war.
In all, his schooling was irregular and discontinuous. He claimed
never to have learned the alphabet or, more significantly, multi-
plication tables past the fives. Still, he had a gift.

When Paris was liberated, he took and passed the month-long
oral and written admissions examination for Ecole Normale and
Ecole Polytechnique, despite his lack of preparation. Among other
elements, the test had a vestigial examination in drawing, and
Mandelbrot discovered a latent facility for copying the Venus de
Milo. On the mathematical sections of the test—exercises in for-
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mal algebra and integrated analysis—he managed to hide his lack
of training with the help of his geometrical intuition. He had
realized that, given an analytic problem, he could almost always
think of it in terms of some shape in his mind. Given a shape, he
could find ways of transforming it, altering its symmetries, making
it more harmonious. Often his transformations led directly to a
solution of the analogous problem. In physics and chemistry, where
he could not apply geometry, he got poor grades. But in mathe-
matics, questions he could never have answered using proper
techniques melted away in the face of his manipulations of shapes.

The Ecole Normale and Ecole Polytechnique were elite schools
with no parallel in American education. Together they prepared
fewer than 300 students in each class for careers in the French
universities and civil service. Mandelbrot began in Normale, the
smaller and more prestigious of the two, but left within days for
Polytechnique. He was already a refugee from Bourbaki.

Perhaps nowhere but in France, with its love of authoritarian
academies and received rules for learning, could Bourbaki have
arisen. It began as a club, founded in the unsettled wake of World
War I by Szolem Mandelbrot and a handful of other insouciant
young mathematicians looking for a way to rebuild French
mathematics. The vicious demographics of war had left an age
gap between university professors and students, disrupting the
tradition of academic continuity, and these brilliant young men
set out to establish new foundations for the practice of mathe-
matics. The name of their group was itself an inside joke, borrowed
for its strange and attractive sound—so it was later guessed—from
a nineteenth-century French general of Greek origin. Bourbaki was
born with a playfulness that soon disappeared.

Its members met in secrecy. Indeed, not all their names are
known. Their number was fixed. When one member left, as was
required at age 50, another would be elected by the remaining
group. They were the best and the brightest of mathematicians,
and their influence soon spread across the continent.

In part, Bourbaki began in reaction to Poincaré, the great man
of the late nineteenth century, a phenomenally prolific thinker
and writer who cared less than some for rigor. Poincaré would
say, | know it must be right, so why should I prove it? Bourbaki
believed that Poincaré had left a shaky basis for mathematics, and
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the group began to write an enormous treatise, more and more
fanatical in style, meant to set the discipline straight. Logical analysis
was central. A mathematician had to begin with solid first prin-
ciples and deduce all the rest from them. The group stressed the
primacy of mathematics among sciences, and also insisted upon
a detachment from other sciences. Mathematics was mathemat-
ics—it could not be valued in terms of its application to real
physical phenomena. And above all, Bourbaki rejected the use of
pictures. A mathematician could always be fooled by his visual
apparatus. Geometry was untrustworthy. Mathematics should be
pure, formal, and austere.

Nor was this strictly a French development. In the United
States, too, mathematicians were pulling away from the demands
of the physical sciences as firmly as artists and writers were pull-
ing away from the demands of popular taste. A hermetic sensibility
prevailed. Mathematicians’ subjects became self-contained; their
method became formally axiomatic. A mathematician could take
pride in saying that his work explained nothing in the world or
in science. Much good came of this attitude, and mathematicians
treasured it. Steve Smale, even while he was working to reunite
mathematics and natural science, believed, as deeply as he be-
lieved anything, that mathematics should be something all by
itself. With self-containment came clarity. And clarity, too, went
hand in hand with the rigor of the axiomatic method. Every serious
mathematician understands that rigor is the defining strength of
the discipline, the steel skeleton without which all would col-
lapse. Rigor is what allows mathematicians to pick up a line of
thought that extends over centuries and continue it, with a firm
guarantee.

Even so, the demands of rigor had unintended consequences
for mathematics in the twentieth century. The field develops through
a special kind of evolution. A researcher picks up a problem and
begins by making a decision about which way to continue. It
happened that often that decision involved a choice between a
path that was mathematically feasible and a path that was inter-
esting from the point of view of understanding nature. For a math-
ematician, the choice was clear: he would abandon any obvious
connection with nature for a while. Eventually his students would
face a similar choice and make a similar decision.



90 CHAOS

Nowhere were these values as severely codified as in France,
and there Bourbaki succeeded as its founders could not have imag-
ined. Its precepts, style, and notation became mandatory. It achieved
the unassailable rightness that comes from controlling all the best
students and producing a steady flow of successful mathematics.
Its dominance over Ecole Normale was total and, to Mandelbrot,
unbearable. He fled Normale because of Bourbaki, and a decade
later he fled France for the same reason, taking up residence in
the United States. Within a few decades, the relentless abstrac-
tion of Bourbaki would begin to die of a shock brought on by
the computer, with its power to feed a new mathematics of the
eye. But that was too late for Mandelbrot, unable to live by Bour-
baki’s formalisms and unwilling to abandon his geometrical in-
tuition.

ALwWAYS A BELIEVER in creating his own mythology, Mandel-
brot appended this statement to his entry in Who’s Who: “Science
would be ruined if (like sports) it were to put competition above
everything else, and if it were to clarify the rules of competition
by withdrawing entirely into narrowly defined specialties. The
rare scholars who are nomads-by-choice are essential to the in-
tellectual welfare of the settled disciplines.” This nomad-by-choice,
who also called himself a pioneer-by-necessity, withdrew from
academe when he withdrew from France, accepting the shelter of
IBM’s Thomas J. Watson Research Center. In a thirty-year journey
from obscurity to eminence, he never saw his work embraced by
the many disciplines toward which he directed it. Even mathe-
maticians would say, without apparent malice, that whatever
Mandelbrot was, he was not one of them.

He found his way slowly, always abetted by an extravagant
knowledge of the forgotten byways of scientific history. He ven-
tured into mathematical linguistics, explaining a law of the dis-
tribution of words. (Apologizing for the symbolism, he insisted
that the problem came to his attention from a book review that
he retrieved from a pure mathematician’s wastebasket so he would
have something to read on the Paris subway.) He investigated game
theory. He worked his way in and out of economics. He wrote
about scaling regularities in the distribution of large and small
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cities. The general framework that tied his work together remained
in the background, incompletely formed.

Early in his time at IBM, soon after his study of commodity
prices, he came upon a practical problem of intense concern to
his corporate patron. Engineers were perplexed by the problem of
noise in telephone lines used to transmit information from com-
puter to computer. Electric current carries the information in dis-
crete packets, and engineers knew that the stronger they made the
current the better it would be at drowning out noise. But they
found that some spontaneous noise could never be eliminated.
Once in a while it would wipe out a piece of signal, creating an
error.

Although by its nature the transmission noise was random,
it was well known to come in clusters. Periods of errorless com-
munication would be followed by periods of errors. By talking to
the engineers, Mandelbrot soon learned that there was a piece of
folklore about the errors that had never been written down, be-
cause it matched none of the standard ways of thinking: the more
closely they looked at the clusters, the more complicated the pat-
terns of errors seemed. Mandelbrot provided a way of describing
the distribution of errors that predicted exactly the observed pat-
terns. Yet it was exceedingly peculiar. For one thing, it made it
impossible to calculate an average rate of errors—an average num-
ber of errors per hour, or per minute, or per second. On average,
in Mandelbrot’s scheme, errors approached infinite sparseness.

His description worked by making deeper and deeper sepa-
rations between periods of clean transmission and periods of er-
rors. Suppose you divided a day into hours. An hour might pass
with no errors at all. Then an hour might contain errors. Then an
hour might pass with no errors.

But suppose you then divided the hour with errors into smaller
periods of twenty minutes. You would find that here, too, some
periods would be completely clean, while some would contain a
burst of errors. In fact, Mandelbrot argued—contrary to intuition—
that you could never find a time during which errors were scat-
tered continuously. Within any burst of errors, no matter how
short, there would always be periods of completely error-free
transmission. Furthermore, he discovered a consistent geometric
relationship between the bursts of errors and the spaces of clean
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transmission. On scales of an hour or a second, the proportion of
error-free periods to error-ridden periods remained constant. (Once,
to Mandelbrot’s horror, a batch of data seemed to contradict his
scheme--but it turned out that the engineers had failed to record
the most extreme cases, on the assumption that they were irrel-
evant.)

Engineers had no framework for understanding Mandelbrot’s
description, but mathematicians did. In effect, Mandelbrot was
duplicating an abstract construction known as the Cantor set, after
the nineteenth-century mathematician Georg Cantor. To make a
Cantor set, you start with the interval of numbers from zero to
one, represented by a line segment. Then you remove the middle
third. That leaves two segments, and you remove the middle third
of each (from one-ninth to two-ninths and from seven-ninths to
eight-ninths). That leaves four segments, and you remove the mid-
dle third of each—and so on to infinity. What remains? A strange
“dust” of points, arranged in clusters, infinitely many yet infinitely
sparse. Mandelbrot was thinking of transmission errors as a Cantor
set arranged in time.

This highly abstract description had practical weight for sci-
entists trying to decide between different strategies of controlling
error. In particular, it meant that, instead of trying to increase
signal strength to drown out more and more noise, engineers should
settle for a modest signal, accept the inevitability of errors and
use a strategy of redundancy to catch and correct them. Mandel-
brot also changed the way IBM’s engineers thought about the cause
of noise. Bursts of errors had always sent the engineers looking
for a man sticking a screwdriver somewhere. But Mandelbrot’s
scaling patterns suggested that the noise would never be explained
on the basis of specific local events.

Mandelbrot turned to other data, drawn from the world’s riv-
ers. Egyptians have kept records of the height of the Nile for mil-
lennia. It is a matter of more than passing concern. The Nile suffers
unusually great variation, flooding heavily in some years and sub-
siding in others. Mandelbrot classified the variation in terms of
two kinds of effects, common in economics as well, which he
called the Noah and Joseph Effects.

The Noah Effect means discontinuity: when a quantity changes,
it can change almost arbitrarily fast. Economists traditionally
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THE CANTOR DUST. Begin with a line; remove the middle third; then
remove the middle third of the remaining segments; and so on. The Cantor
set is the dust of points that remains. They are infinitely many, but their
total length is 0.

The paradoxical qualities of such constructions disturbed nine-
teenth-century mathematicians, but Mandelbrot saw the Cantor set as a
model for the occurrence of errors in an electronic transmission line.
Engineers saw periods of error-free transmission, mixed with periods
when errors would come in bursts. Looked at more closely, the bursts,
too, contained error-free periods within them. And so on—it was an
example of fractal time. At every time scale, from hours to seconds,
Mandelbrot discovered that the relationship of errors to clean transmis-
sion remained constant. Such dusts, he contended, are indispensable in
modeling intermittency.

imagined that prices change smoothly—rapidly or slowly, as the
case may be, but smoothly in the sense that they pass through all
the intervening levels on their way from one point to another.
That image of motion was borrowed from physics, like much of
the mathematics applied to economics. But it was wrong. Prices
can change in instantaneous jumps, as swiftly as a piece of news
can flash across a teletype wire and a thousand brokers can change
their minds. A stock market strategy was doomed to fail, Man-
delbrot argued, if it assumed that a stock would have to sell for
$50 at some point on its way down from $60 to $10.

The Joseph Effect means persistence. There came seven years
of great plenty throughout the land of Egypt. And there shall arise
after them seven years of famine. If the Biblical legend meant to
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imply periodicity, it was oversimplified, of course. But floods and
droughts do persist. Despite an underlying randomness, the longer
a place has suffered drought, the likelier it is to suffer more. Fur-
thermore, mathematical analysis of the Nile’s height showed that
persistence applied over centuries as well as over decades. The
Noah and Joseph Effects push in different directions, but they add
up to this: trends in nature are real, but they can vanish as quickly
as they come.

Discontinuity, bursts of noise, Cantor dusts—phenomena like
these had no place in the geometries of the past two thousand
years. The shapes of classical geometry are lines and planes, cir-
cles and spheres, triangles and cones. They represent a powerful
abstraction of reality, and they inspired a powerful philosophy of
Platonic harmony. Euclid made of them a geometry that lasted
two millennia, the only geometry still that most people ever learn.
Artists found an ideal beauty in them, Ptolemaic astronomers built
a theory of the universe out of them. But for understanding com-
plexity, they turn out to be the wrong kind of abstraction.

Clouds are not spheres, Mandelbrot is fond of saying. Moun-
tains are not cones. Lightning does not travel in a straight line.
The new geometry mirrors a universe that is rough, not rounded,
scabrous, not smooth. It is a geometry of the pitted, pocked, and
broken up, the twisted, tangled, and intertwined. The understand-
ing of nature’s complexity awaited a suspicion that the complexity
was not just random, not just accident. It required a faith that the
interesting feature of a lightning bolt’s path, for example, was not
its direction, but rather the distribution of zigs and zags. Man-
delbrot’s work made a claim about the world, and the claim was
that such odd shapes carry meaning. The pits and tangles are more
than blemishes distorting the classic shapes of Euclidian geom-
etry. They are often the keys to the essence of a thing.

What is the essence of a coastline, for example? Mandelbrot
asked this question in a paper that became a turning point for his
thinking: “How Long Is the Coast of Britain?”

Mandelbrot had come across the coastline question in an ob-
scure posthumous article by an English scientist, Lewis F. Rich-
ardson, who groped with a surprising number of the issues that
later became part of chaos. He wrote about numerical weather
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prediction in the 1920s, studied fluid turbulence by throwing a
sack of white parsnips into the Cape Cod Canal, and asked in a
1926 paper, “Does the Wind Possess a Velocity?” (“The question,
at first sight foolish, improves on acquaintance,” he wrote.) Won-
dering about coastlines and wiggly national borders, Richardson
checked encyclopedias in Spain and Portugal, Belgium and the
Netherlands and discovered discrepancies of twenty percent in
the estimated lengths of their common frontiers.

Mandelbrot’s analysis of this question struck listeners as either
painfully obvious or absurdly false. He found that most people
answered the question in one of two ways: ““I don’t know, it’s not
my field,” or “Idon’t know, but I'll look it up in the encyclopedia.”

In fact, he argued, any coastline is—in a sense—infinitely

Richard F. Voss

A FRACTAL SHORE. A computer-generated coastline: the details are ran-
dom, but the fractal dimension is constant, so the degree of roughness or
irregularity looks the same no matter how much the image is magnified.
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long. In another sense, the answer depends on the length of your
ruler. Consider one plausible method of measuring. A surveyor
takes a set of dividers, opens them to a length of one yard, and
walks them along the coastline. The resulting number of yards is
just an approximation of the true length, because the dividers skip
over twists and turns smaller than one yard, but the surveyor
writes the number down anyway. Then he sets the dividers to a
smaller length—say, one foot—and repeats the process. He arrives
at a somewhat greater length, because the dividers will capture
more of the detail and it will take more than three one-foot steps
to cover the distance previously covered by a one-yard step. He
writes this new number down, sets the dividers at four inches,
and starts again. This mental experiment, using imaginary divid-
ers, is a way of quantifying the effect of observing an object from
different distances, at different scales. An observer trying to es-
timate the length of England’s coastline from a satellite will make
a smaller guess than an observer trying to walk its coves and
beaches, who will make a smaller guess in turn than a snail ne-
gotiating every pebble.

Common sense suggests that, although these estimates will
continue to get larger, they will approach some particular final
value, the true length of the coastline. The measurements should
converge, in other words. And in fact, if a coastline were some
Euclidean shape, such as a circle, this method of summing finer
and finer straight-line distances would indeed converge. But Man-
delbrot found that as the scale of measurement becomes smaller,
the measured length of a coastline rises without limit, bays and
peninsulas revealing ever-smaller subbays and subpeninsulas—
at least down to atomic scales, where the process does finally
come to an end. Perhaps.

SINCE EUCLIDEAN MEASUREMENTS—length, depth, thick-
ness—failed to capture the essence of irregular shapes, Mandel-
brot turned to a different idea, the idea of dimension. Dimension
is a quality with a much richer life for scientists than for non-
scientists. We live in a three-dimensional world, meaning that we
need three numbers to specify a point: for example, longitude,
latitude, and altitude. The three dimensions are imagined as di-
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rections at right angles to one another. This is still the legacy of
Euclidean geometry, where space has three dimensions, a plane
has two, a line has one, and a point has zero.

The process of abstraction that allowed Euclid to conceive of
one- or two-dimensional objects spills over easily into our use
of everyday objects. A road map, for all practical purposes, is
a quintessentially two-dimensional thing, a piece of a plane.
It uses its two dimensions to carry information of a precisely
two-dimensional kind. In reality, of course, road maps are as
three-dimensional as everything else, but their thickness is so
slight (and so irrelevant to their purpose) that it can be forgot-
ten. Effectively, a road map remains two-dimensional, even when
it is folded up. In the same way, a thread is effectively one-
dimensional and a particle has effectively ne dimension at all.

Then what is the dimension of a ball of twine? Mandelbrot
answered, It depends on your point of view. From a great distance,
the ball is no more than a point, with zero dimensions. From
closer, the ball is seen to fill spherical space, taking up three
dimensions. From closer still, the twine comes into view, and the
object becomes effectively one-dimensional, though the one di-
mension is certainly tangled up around itself in a way that makes
use of three-dimensional space. The notion of how many numbers
it takes to specify a point remains useful. From far away, it takes
none—the point is all there is. From closer, it takes three. From
closer still, one is enough—any given position along the length
of twine is unique, whether the twine is stretched out or tangled
up in a ball.

And on toward microscopic perspectives: twine turns to
three-dimensional columns, the columns resolve themselves into
one-dimensional fibers, the solid material dissolves into zero-
dimensional points. Mandelbrot appealed, unmathematically, to
relativity: “The notion that a numerical result should depend on
the relation of object to observer is in the spirit of physics in this
century and is even an exemplary illustration of it.”

But philosophy aside, the effective dimension of an object
does turn out to be different from its mundane three dimensions.
A weakness in Mandelbrot’s verbal argument seemed to be its
reliance on vague notions, ‘“from far away” and ‘‘a little closer.”
What about in between? Surely there was no clear boundary at
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which a ball of twine changes from a three-dimensional to a one-
dimensional object. Yet, far from being a weakness, the ill-defined
nature of these transitions led to a new idea about the problem of
dimensions.

Mandelbrot moved beyond dimensions 0, 1,2, 3 . . . to a seem-
ing impossibility: fractional dimensions. The notion is a concep-
tual high-wire act. For nonmathematicians it requires a willing
suspension of disbelief. Yet it proves extraordinarily powerful.

Fractional dimension becomes a way of measuring qualities
that otherwise have no clear definition: the degree of roughness
or brokenness or irregularity in an object. A twisting coastline, for
example, despite its immeasurability in terms of length, never-
theless has a certain characteristic degree of roughness. Mandel-
brot specified ways of calculating the fractional dimension of real
objects, given some technique of constructing a shape or given
some data, and he allowed his geometry to make a claim about
the irregular patterns he had studied in nature. The claim was
that the degree of irregularity remains constant over different scales.
Surprisingly often, the claim turns out to be true. Over and over
again, the world displays a regular irregularity.

One wintry afternoon in 1975, aware of the parallel currents
emerging in physics, preparing his first major work for publication
in book form, Mandelbrot decided he needed a name for his shapes,
his dimensions, and his geometry. His son was home from school,
and Mandelbrot found himself thumbing through the boy’s Latin
dictionary. He came across the adjective fractus, from the verb
frangere, to break. The resonance of the main English cognates—
fracture and fraction—seemed appropriate. Mandelbrot created
the word (noun and adjective, English and French) fractal.

IN THE MIND’S EYE, a fractal is a way of seeing infinity.

Imagine a triangle, each of its sides one foot long. Now imagine
a certain transformation—a particular, well-defined, easily re-
peated set of rules. Take the middle one-third of each side and
attach a new triangle, identical in shape but one-third the size.

The result is a star of David. Instead of three one-foot seg-
ments, the outline of this shape is now twelve four-inch segments.
Instead of three points, there are six.
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THE KOCH SNOWFLAKE. “A rough but vigorous model of a coastline,” in
Mandelbrot’s words. To construct a Koch curve, begin with a triangle
with sides of length 1. At the middle of each side, add a new triangle
one-third the size; and so on. The length of the boundary is 3 x 4/3 X
4/3 x 4/3 .. .—infinity. Yet the area remains less than the area of a circle
drawn around the original triangle. Thus an infinitely long line surrounds
a finite area.

Now take each of the twelve sides and repeat the transfor-
mation, attaching a smaller triangle onto the middle third. Now
again, and so on to infinity. The outline becomes more and more
detailed, just as a Cantor set becomes more and more sparse. It
resembles a sort of ideal snowflake. It is known as a Koch curve—
a curve being any connected line, whether straight or round—
after Helge von Koch, the Swedish mathematician who first de-
scribed it in 1904.

On reflection, it becomes apparent that the Koch curve has
some interesting features. For one thing, it is a continuous loop,
never intersecting itself, because the new triangles on each side
are always small enough to avoid bumping into each other. Each
transformation adds a little area to the inside of the curve, but the
total area remains finite, not much bigger than the original triangle,
in fact. If you drew a circle around the original triangle, the Koch
curve would never extend beyond it.
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Yet the curve itself is infinitely long, as long as a Euclidean
straight line extending to the edges of an unbounded universe.
Just as the first transformation replaces a one-foot segment with
four four-inch segments, every transformation multiplies the total
length by four-thirds. This paradoxical result, infinite length in a
finite space, disturbed many of the turn-of-the-century mathe-
maticians who thought about it. The Koch curve was monstrous,
disrespectful to all reasonable intuition about shapes and—it al-
most went without saying—pathologically unlike anything to be
found in nature.

Under the circumstances, their work made little impact at the
time, but a few equally perverse mathematicians imagined other
shapes with some of the bizarre qualities of the Koch curve. There
were Peano curves. There were Sierpinski carpets and Sierpiniski
gaskets. To make a carpet, start with a square, divide it three-by-
three into nine equal squares, and remove the central one. Then
repeat the operation on the eight remaining squares, putting a
square hole in the center of each. The gasket is the same but with
equilateral triangles instead of squares; it has the hard-to-imagine
property that any arbitrary point is a branching point, a fork in
the structure. Hard to imagine, that is, until you have thought
about the Eiffel Tower, a good three-dimensional approximation,
its beams and trusses and girders branching into a lattice of ever-
thinner members, a shimmering network of fine detail. Eiffel, of
course, could not carry the scheme to infinity, but he appreciated
the subtle engineering point that allowed him to remove weight
without also removing structural strength.

The mind cannot visualize the whole infinite self-embedding
of complexity. But to someone with a geometer’s way of thinking
about form, this kind of repetition of structure on finer and finer
scales can open a whole world. Exploring these shapes, pressing
one’s mental fingers into the rubbery edges of their possibilities,
was a kind of playing, and Mandelbrot took a childlike delight in
seeing variations that no one had seen or understood before. When
they had no names, he named them: ropes and sheets, sponges
and foams, curds and gaskets.

Fractional dimension proved to be precisely the right yard-
stick. In a sense, the degree of irregularity corresponded to the
efficiency of the object in taking up space. A simple, Euclidean,
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Benoit Mandelbrot

CONSTRUCTING WITH HOLES. A few mathematicians in the early twentieth
century conceived monstrous-seeming objects made by the technique of

adding or removing infinitely many parts. One such shape is the Sier-

then cutting out the centers of the eight smaller squares that remain; and
so on. The three-dimensional analogue is the Menger sponge, a solid-

pifiski carpet, constructed by cutting the center one-ninth of a square;
looking lattice that has an infinite surface area, yet zero volume.
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one-dimensional line fills no space at all. But the outline of the
Koch curve, with infinite length crowding into finite area, does
fill space. It is more than a line, yet less than a plane. It is greater
than one-dimensional, yet less than a two-dimensional form. Using
techniques originated by mathematicians early in the century and
then all but forgotten, Mandelbrot could characterize the fractional
dimension precisely. For the Koch curve, the infinitely extended
multiplication by four-thirds gives a dimension of 1.2618.

In pursuing this path, Mandelbrot had two great advantages
over the few other mathematicians who had thought about such
shapes. One was his access to the computing resources that go
with the name of IBM. Here was another task ideally suited to the
computer’s particular form of high-speed idiocy. Just as meteor-
ologists needed to perform the same few calculations at millions
of neighboring points in the atmosphere, Mandelbrot needed to
perform an easily programmed transformation again and again and
again and again. Ingenuity could conceive of transformations.
Computers could draw them—sometimes with unexpected re-
sults. The early twentieth-century mathematicians quickly reached
a barrier of hard calculation, like the barrier faced by early pro-
tobiologists without microscopes. In looking into a universe of
finer and finer detail, the imagination can carry one only so far.

In Mandelbrot’s words: “There was a long hiatus of a hundred
years where drawing did not play any role in mathematics because
hand and pencil and ruler were exhausted. They were well under-
stood and no longer in the forefront. And the computer did not
exist.

“When I came in this game, there was a total absence of
intuition. One had to create an intuition from scratch. Intuition
as it was trained by the usual tools—the hand, the pencil, and the
ruler—found these shapes quite monstrous and pathological. The
old intuition was misleading. The first pictures were to me quite
a surprise; then I would recognize some pictures from previous
pictures, and so on.

“Intuition is not something that is given. I've trained my in-
tuition to accept as obvious shapes which were initially rejected
as absurd, and I find everyone else can do the same.”

Mandelbrot’s other advantage was the picture of reality he
had begun forming in his encounters with cotton prices, with
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electronic transmission noise, and with river floods. The picture
was beginning to come into focus now. His studies of irregular
patterns in natural processes and his exploration of infinitely com-
plex shapes had an intellectual intersection: a quality of self-
similarity. Above all, fractal meant self-similar.

Self-similarity is symmetry across scale. It implies recursion,
pattern inside of pattern. Mandelbrot’s price charts and river charts
displayed self-similarity, because not only did they produce detail
at finer and finer scales, they also produced detail with certain
constant measurements. Monstrous shapes like the Koch curve
display self-similarity because they look exactly the same even
under high magnification. The self-similarity is built into the tech-
nique of constructing the curves—the same transformation is re-
peated at smaller and smaller scales. Self-similarity is an easily
recognizable quality. Its images are everywhere in the culture: in
the infinitely deep reflection of a person standing between two
mirrors, or in the cartoon notion of a fish eating a smaller fish
eating a smaller fish eating a smaller fish. Mandelbrot likes to
quote Jonathan Swift: “So, Nat’ralists observe, a Flea/Hath smaller
Fleas that on him prey,/And these have smaller Fleas to bite ’em,/
And so proceed ad infinitum.”

IN THE NORTHEASTERN United States, the best place to study
earthquakes is the Lamont-Doherty Geophysical Observatory, a
group of unprepossessing buildings hidden in the woods of south-
ern New York State, just west of the Hudson River. Lamont-
Doherty is where Christopher Scholz, a Columbia University pro-
fessor specializing in the form and structure of the solid earth,
first started thinking about fractals.

While mathematicians and theoretical physicists disregarded
Mandelbrot’s work, Scholz was precisely the kind of pragmatic,
working scientist most ready to pick up the tools of fractal geometry.
He had stumbled across Benoit Mandelbrot’s name in the 1960s,
when Mandelbrot was working in economics and Scholz was an
M.LT. graduate student spending a great deal of time on a stubborn
question about earthquakes. It had been well known for twenty
years that the distribution of large and small earthquakes fol-
lowed a particular mathematical pattern, precisely the same scal-
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ing pattern that seemed to govern the distribution of personal
incomes in a free-market economy. This distribution was observed
everywhere on earth, wherever earthquakes were counted and
measured. Considering how irregular and unpredictable earth-
quakes were otherwise, it was worthwhile to ask what sort of
physical processes might explain this regularity. Or so it seemed
to Scholz. Most seismologists had been content to note the fact
and move on.

Scholz remembered Mandelbrot’s name, and in 1978 he bought
a profusely illustrated, bizarrely erudite, equation-studded book
called Fractals: Form, Chance and Dimension. It was as if Man-
delbrot had collected in one rambling volume everything he knew
or suspected about the universe. Within a few years this book and
its expanded ‘and refined replacement, The Fractal Geometry of
Nature, had sold more copies than any other book of high math-
ematics. Its style was abstruse and exasperating, by turns witty,
literary, and opaque. Mandelbrot himself called it ‘‘a manifesto
and a casebook.”

Like a few counterparts in a handful of other fields, partic-
ularly scientists who worked on the material parts of nature, Scholz
spent several years trying to figure out what to do with this book.
It was far from obvious. Fractals was, as Scholz put it, “not a how-
to book but a gee-whiz book.” Scholz, however, happened to care
deeply about surfaces, and surfaces were everywhere in this book.
He found that he could not stop thinking about the promise of
Mandelbrot’s ideas. He began to work out a way of using fractals
to describe, classify, and measure the pieces of his scientific world.

He soon realized that he was not alone, although it was several
more years before fractals conferences and seminars began mul-
tiplying. The unifying ideas of fractal geometry brought together
scientists who thought their own observations were idiosyncratic
and who had no systematic way of understanding them. The in-
sights of fractal geometry helped scientists who study the way
things meld together, the way they branch apart, or the way they
shatter. It is a method of looking at materials—the microscopically
jagged surfaces of metals, the tiny holes and channels of porous
oil-bearing rock, the fragmented landscapes of an earthquake zone.

As Scholz saw it, it was the business of geophysicists to de-
scribe the surface of the earth, the surface whose intersection with
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the flat oceans makes coastlines. Within the top of the solid earth
are surfaces of another kind, surfaces of cracks. Faults and frac-
tures so dominate the structure of the earth’s surface that they
become the key to any good description, more important on bal-
ance than the material they run through. The fractures crisscross
the earth’s surface in three dimensions, creating what Scholz
whimsically called the ‘‘schizosphere.” They control the flow of
fluid through the ground—the flow of water, the flow of oil, and
the flow of natural gas. They control the behavior of earthquakes.
Understanding surfaces was paramount, yet Scholz believed that
his profession was in a quandary. In truth, no framework existed.

Geophysicists looked at surfaces the way anyone would, as
shapes. A surface might be flat. Or it might have a particular shape.
You could look at the outline of a Volkswagen Beetle, for example,
and draw that surface as a curve. The curve would be measurable
in familiar Euclidean ways. You could fit an equation to it. But
in Scholz’s description, you would only be looking at that surface
through a narrow spectral band. It would be like looking at the
universe through a red filter—you see what is happening at that
particular wavelength of light, but you miss everything happening
at the wavelengths of other colors, not to mention that vast range
of activity at parts of the spectrum corresponding to infrared ra-
diation or radio waves. The spectrum, in this analogy, corresponds
to scale. To think of the surface of a Volkswagen in terms of its
Euclidean shape is to see it only on the scale of an observer ten
meters or one hundred meters away. What about an observer one
kilometer away, or one hundred kilometers? What about an ob-
server one millimeter away, or one micron?

Imagine tracing the surface of the earth as it would look from
a distance of one hundred kilometers out in space. The line goes
up and down over trees and hillocks, buildings and—in a parking
lot somewhere—a Volkswagen. On that scale, the surface is just
a bump among many other bumps, a bit of randomness.

Or imagine looking at the Volkswagen from closer and closer,
zooming in with magnifying glass and microscope. At first the
surface seems to get smoother, as the roundness of bumpers and
hood passes out of view. But then the microscopic surface of the
steel turns out to be bumpy itself, in an apparently random way.
It seems chaotic.






